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Abstract 

The goal of this article is to derive the reciprocity theorem, mutual energy theorem from Poynting 
theorem instead of from Maxwell equation. In this way the reciprocity theorem will become the 
energy theorem. In order to realize this purpose the followings have been done. The Poynting 
theorem is generalized to the modified Poynting theorem. In the modified Poynting theorem the 
electromagnetic field is superimposition of different electromagnetic fields including the field of 
retarded potential and advanced potential, electric/magnetic mirrored field, time-reversed field, 
time-offset field, space-offset field. The media epsilon (permittivity) and mu (permeability) can 
also be different in the different fields. The concept of mutual energy is introduced which is the 
difference between the total energy and self-energy. First we try to derive the mutual energy 
theorem from complex Poynting theorem, it is failed. As a side effect we obtained the mixed 
mutual energy theorem. We applied the average process to derive the mutual energy theorem 
from Poynting theorem. This is derivation is not strictly. Then we derive the mutual energy 
from Fourier domain, instead of obtained the mutual energy theorem from time-domain. We 
obtain the time-reversed mutual energy theorem. A time-reverse transform needed to further 
derive the mutual energy theorem. The time-reverse transform contains some information from 
Maxwell equation, hence the derivation is not a purely derivation from Poynting theorem. Then 
we derive the mutual energy theorem in time-domain. Using the modified Poynting theorem with 
the concept of the mutual energy. The instantaneous modified mutual energy theorem is derived. 
Applying time-offset transform and time integral to the instantaneous modified mutual energy 
theorem, the time-correlation modified mutual energy theorem is obtained. Assume there are two 
electromagnetic fields one is retarded potential and one is advanced potential, the convolution 
reciprocity theorem can be derived. Corresponding to the modified time-correlation mutual energy 
theorem and the time-convolution reciprocity theorem in Fourier domain, there is the modified 
mutual energy theorem and the Lorentz reciprocity theorem. Hence all mutual energy theorem 
and the reciprocity theorems are put in one frame of the concept of the mutual energy. The inner 
product is introduced for two different electromagnetic fields in both time domain and Fourier 
domain. The concept of inner product of electromagnetic fields simplifies the theory of the wave 
expansion. The concept of reaction is re-explained as the mutual energy of two fields with retarded 
potential and advanced potential. 
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I. INTRODUCTION 


0 is 


In electromagnetic field theory^the Poynting theorem[1] is energy conservation theorem 
The Lorentz reciprocity theorem 


(£i(w) x H 2 (u) - E 2 (co) x H^u)) dthdS 


= J (JiM • E 2 (u) - J 2 (u) • Ei (ca) - Ki(cu) • H 2 (u) + K 2 (u) • Hi{u) dV = 0 (1) 

v 

is close related to Poynting theorem. The two theorems look similar, J.R. Carson call the 
reciprocity theorem as “Reciprocal energy theorem” in the reference 4]. But until now the 
two theorems are two different theorems derived from Maxwell equations respectively. 

Many efforts try to reveal the relationship between the reciprocity theorem and Poynting 
theorem have been done. V. H. Rumsey proposed the concept of the reaction 6] in 1954 
which is related to Lorentz reciprocity theorem. But what is the concept of the “reaction” 
in behind scene?. W.J. Welch has derived a reciprocity theorem[?J in 1960, which is in the 
following, 


- J J {Ei (t ) x H 2 (t ) + E 2 (t) x Hi (£)) dt MS 

S t=—oo 
oo 

= jj {Ji{t) • E 2 (t) + Ki(t) ■ H 2 (t) + J 2 (t ) • Ei(t) + K 2 (t) ■ Hi{t)) dtdV (2) 

V t=— oo 

In the formula all variables with subscript “1” is belong to retarded potential and all variables 
with subscript “2” belong to advanced potential. Welch has derived another reciprocity 
theorem in 1961, 


(£i(t) x H 2 {t) - E 2 (t ) x Hi(t)) dthdS 


S t =—oo 


■ E 2 (t) - Ki(t) ■ H 2 (t ) - J 2 (t ) • Ei(t) + K 2 (t ) • Hi(t)) dtdV (3) 


V t=—oo 


4 









Rumsey has derived a another reciprocity theorem in 1963[9( from his reaction concept, 
which is the following, 


J ( AM ■ A*( u) + j; M ■ Ei( oj) + AdM • H*(u) + AT*M • TAM) dV = 0 (4) 

v 

S. N. Samaddar suggest a reciprocity theorem and applied it to solve wave expansion prob¬ 
lems in 1964 jlo| hr plasma media, 


V ■ (El X Hy + Ey X Hi) + V e y ■ p ei + V el p e y + V U > ■ p a + Vup iV + +V n y ■ p ni + V in ] m pu> = 0 (5) 

The corresponding time-domain theory of the reciprocity theorem{2-5| js] is the time- 
convolution reciprocity theorem 111. Il2| derived by G. Goubau in 1960 and B. Ru-shao Cheo 
in 1965 which is 



( Ji(r - 1) ■ E 2 (t) - J 2 (t) ■ E\(t — t) — I<i (■ r-t ) • H 2 (t) + 1< 2 (t) ■ Hi{t — t ) dtdV = 0 (6) 


V —oo 


The further development of the time-convolution reciprocity theorem can be found[ 


[lj 14]. J- 


A. Kong offers 


he details of conjugate transform and the concept of the modified reciprocity 


theorem 15|, 16] in 1972. In the modified reciprocity theorem the e (permittivity) and p 
(permeability) of two electromagnetic fields appeared in the reciprocity theorem are allowed 
to be different. Norbert N. Bojarski has further developed the Welch’s reciprocity theorem 
in 1983 jl3] - Shuang-Ren Zhao proposed the mutual energy theorem and modified mutual 
energy theorem in May of 1987 18], which is 


- / {Exipj) x H* 2 (uj) + E;(u) x Hi(uj)) ■ ndS 


= I (AM • a 2 *m + j*M • AM) + AM) • h *M + k *M • h^)) dv (7) 

l ' n 

le derivation of the mutual energy theorem is based on Lorenz reciprocity theorem [2b 
6] 16] and the conjugate transform fl6|. The mutual energy theorem is defined in Fourier 
domain or complex domain and is further developed in the reference 19, 20]. Compare to 


the Rumsey’s formula in the mutual energy theorem there is an item of the surface integral 
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which dose not vanish. The surface integral has been applied to define an inner product 
of electromagnetic fields on the surface and hence to solve the wave expansion problems. 
Welch’s reciprocity theorem[ 7 . 17] is further developed by A. T. de ffoop in December 1987 


to become the so called time-correlation reciprocity theorem 


21] which is 


(Ei(t + r) x Ho(t) + E 2 (t) x H \(t + r)) dthdS 


S t =—00 


= J {Ji{t + T)-E 2 (t)+K 1 {t + T)-H 2 (t) + J 2 (t)-E 1 (t + T) + K 2 (t)-H 1 (t + T))dtdV (8) 

V t=—oo 

de ffoop’s time-correlation reciprocity theorem can be seen as the mutual energy theorem 


18 j 


in time-domain instead of in the Fourier domain. Welch’s reciprocity theorem is a special 
situation of the time-correlation reciprocity theorem where the time variable r — 0. By 


the way in the theorem of de Hoop 21] the surface integra' 
that it will vanish on the infinite sphere. Baun has a book 


appeared but has been thought 


introduced reciprocity theorems. The reference 


M 


22] in 1995 which systematically 


24] solved the wave expansion problem 


directly from Maxwell equation which is close related to the mutual energy theorem. 

Later the mutual energy theorem has been rediscovered and has been referred as the sec¬ 
ond reciprocity theorem 25] in 2009. In this second reciprocity theorem the surface integral 
was also thought to be vanish on the infinite big sphere. 

Application of reciprocity theorem and mutual energy theorem can also be found in the 
examples 26| [29j. There are a few reference discussed the relationship between Poynting 


theorem and reciprocity theorem 


301-132]. However they only discussed them to 


get her and 


did not offer the direct relationship between the two theorems. The reference 15] discussed 
the reciprocity theorem in bi-anisotropic media. 


There is a concept “mixed Poynting vector” 36, [37] which is close related to the concept 
mutual energy and Poynting vector. 


It is worth to notice that in the reference 


1814201]. the concept of “mutual energy” was 


not well defined and the related concept “total energy” and “self energy” were also not 
defined. The so called mutual energy theorem is only derived from the modified reciprocity 
theorem instead of Poynting theorem, hence the concept of mutual energy is still not widely 
acceptable. 
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II. THE CONTRIBUTION OF THIS ARTICLE 


The goal of this article is to convince the reader that the mutual energy theorem is a real 
energy. To achieve this goal the mutual energy theorem have to be derived from Poynting 
theorem instead of from Maxwell equation directly. In this article a few new concept is de¬ 
fined or generalized. Among them there is “modified”, “time-reversed transform”, “mutual 
energy”, “self energy”, “total energy”. The concept of reaction is reexplained. The mutual 
energy theorem is re-derived from Poynting theorem. The derivation include different ver¬ 
sions and the history is introduced. A few new theorem is obtained from the derivation, the 
following gives the details. 

A. The modified Maxwell equation 

The concept of “modified” is borrowed from the modified reciprocity theorem, where two 
electromagnetic field put in different media with different e and /j, can be superimposed. We 
found for this situation the Maxwell equation is still established. In this kind of media, the 
Maxwell equation is referred as modified Maxwell equation. 


B. The modified Poynting theorem 


The Poynting theorem is generalized to the modified Poynting theorem. The concept of 
“modified” is borrowed from the modified reciprocity theorem jlfi| as above modified Maxwell 
equation. This idea has also been used in the mutual energy theorem which is modified 
mutual energy 18-20]. 


C. Time-reversed transform 

We knew that after a magnetic mirror transform the electromagnetic field (E, H) is 
still electromagnetic field. A electromagnetic field after a time-reversed transform is not a 
electromagnetic field any more. That means after the time-reversed transform it does not 
satisfy the Maxwell equation. However we modified the time-reversed transform through 
introducing the negative media with negative e , /i, this new time-reversed transform is 
given in the following, 
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[E r (t),H r (t), J r (t), K r (t), e r (t), n r (t)} 


= r[E(t), H(t),J(t), K(t),e(t),ii(t )] 

= [E(-t),H(-t), </(—£), K(—t), -e(-t ),-//(-*)] (9) 

A electromagnetic fields after the above time-reverse transform is still electromagnetic fields. 
This time reverse transform is one of the import tool to derive mutual energy theorem from 
Poynting theorem in Fourier domain. 

D. The difference the substitution and the replace of a transform is noticed 

There are many transforms: magnetic mirror transform, electric mirror transform, time- 
reversed transform. Time-offset transform. There are two process for the above transform, 
one is substitution of the transform, the other is replace of a transform. Replace and 
substitution are two different process, in the history many mistakes were made since the 
confusion with this two processes. In this article we try to clarify the difference of the 
replacement and substitution of a transform. 

E. Introduced the instantaneous mutual energy theorem 

In this article the concept of mutual energy is defined as the difference between the 
total energy and the self energy. The instantaneous mutual energy theorem is derived from 
Poynting theorem with the concept of mutual energy. The instantaneous mutual energy 
theorem is following, 


—V • (Ei x H 2 + E ‘2 x H i) 


= J, • E 2 + J 2 • E x + Ad • H 2 + I< 2 ■ Hi + Ei- 8D 2 + E 2 • 8D { + H x ■ 8B 2 + H 2 ■ 8B X (10) 


F. Derived the time-reversed mutual energy theorem in Fourier domain 

Time-reversed mutual energy theorem is introduced from Fourier domain through in¬ 
stantaneous mutual energy theorem, and hence from the Poynting theorem. The reversed 

8 



mutual energy theorem in Fourier domain is show in the following, 

(£i(w) x H 2 (u) + E 2 (lu) x H^u)) MS 
s 

= J Mco) ■ E 2 {uj) + J 2 (u) • E x {u) + K^uj) ■ H 2 (co) + K 2 (u) ■ H^u)) dV (11) 
v 

The time-reversed mutual energy theorem in time domain is 

OO 

J (£?i(r -t)x H 2 (t) + E 2 {t) xH^r-t)) MS 

S t=— oo 

OO 

J {J 1 (r-t)-E 2 it) + J 2 (t) ■E 1 (r-t) + Ad (r-t)- H 2 (t) + K 2 (t) -H^r — t)) dV ( 12 ) 

V t=— oo 

G. Derived the mutual energy theorem in Fourier domain 

The mutual energy theorem can be derived from reversed mutual energy theorem with 
time-reversed transform. The mutual energy theorem is shown in the following, 





- / {E^u) x H;(u) + E* 2 {<jj) x H\(u)) ■ MS 


= / (Ji(w) • E*(u) + J;(u) ■ E\{u) + Ki(u) ■ H*{uj) + K*(cj) ■ H^u)) dV (13) 


v 


The corresponding in the time domain which is time-correlation mutual energy theorem or 
time-correlation reciprocity theorem 21]. 


OO 

J (Ei(t + r) x H 2 (t ) + E 2 (t) x Hi(t + t)) dtMS 

S t=— oo 
oo 

= f f {J 1 (t+T)-E 2 (t)+K 1 (t + r)-H 2 (t) + J 2 (t)-E l (t + T)+K 2 (t)-H 1 (t+T))dtdV (14) 

V t=— oo 
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H. Derived the time-reversed reciprocity theorems from the mutual energy theo¬ 


rems in Fourier domain 


The time-reversed reciprocity theorem is shown as following, 


J(Ei(u) x H*(u) - E 2 (u) x H*(u)) dt.hdS 
s 


= j (J^u) ■ E*(u) - J 2 (u) ■ EI(oj) - K ± (oj) ■ H*(uj) + K%(uj) ■ H^u) dV = 0 (15) 

v 

In time-domain, the corresponding theorem is time-correlation reciprocity theorem is derived 
which is in the following, 

OO 

J ( E 1 (t ) x H 2 {t + t) — E 2 {t + r) x Hi(t)) dt ndS 

S t =—oo 

OO 

= I f (Ji W-E^t+^-K^-H^t+^-J^t+^-E^ + K^t + ^-H^tydtdV (16) 

V t =—oo 



I. Re-derived the Lorenz reciprocity theorem from the mutual energy theorem 


The Lorenz reciprocity theorem|2][6] is shown as a special situation of the mutual energy 
theorem. In the special situation where two electromagnetic fields are different, one is the 
field of retarded potential and the other is the field of advanced potential. The concept of the 
reaction |f]] is re-explained as the mutual energy (or power) of the two electromagnetic fields 
where one is the field of retarded potential and the other is the field of advanced potential. 


J. Re-derived time-correlation mutual energy theorem from Poynting theorem 

In the above we have derived the mutual energy theorem in Fourier domain. The deriva¬ 
tion is that first derive the time-reversed mutual energy theorem and then through a time- 
reverse transform we obtained the mutual energy theorem. We did not very satisfy with 
this process of derivation. Since it is not a pure derivation from Poynting theorem. The 
time-reversed transform need the Maxwell equation to prove. Hence we actually derived the 
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mutual energy theorem form Poynting theorem plus Maxwell equation. A purely derivation 
from Poynting theorem should not use the transform for example mirrored transform or 
time-reversed transform. Hence we seek another way to prove the mutual energy theorem 
and avoid the time-reversed transform. We have proved that the time-correlation mutual 
energy theorem from Poynting theorem. And then considered a Fourier transform for the 
time-correlation mutual energy theorem, we obtained the mutual energy theorem. This way 
we have purely derived the mutual energy theorem form the Poynting theorem. 

K. Introduced the mixed mutual energy theorem 

We have try to derive the mutual energy theorem from complex Poynting theorem. But 
we have failed. Instead to obtained the mutual energy theorem we obtained the following 
mixed mutual energy theorem. 


- J(E 1 x H* + E 2 x H{) ■ MS 
s 

= f (Ei ■ J* + E 2 ■ J* + HI ■ K, + H* ■ Ki )dV 
v 

+ ju J{H{ ■ f! 2 H 2 + H* • frH! - E x • e* 2 E* - E 2 ■ E x E\)dV (17) 

v 

or corresponding mixed time-correlation mutual energy theorem, 


OO 

J (Ei(t + r) x Hl(t) + E 2 (t + r) x H{{r))dt ■ MS 

S t =—oo 

OO 

J (Ei(t + r) • J 2 *(f) + E 2 [t + r) • J*(t) + H*(t) ■ I< 2 (t + r) + H*(t) ■ K^t + r)) dt dV 

V t =—oo 

oo 

+dr J j (H*(t) • (M 2 * H 2 )(t + r) + H*(t) ■ * H x )(t + r) 

V t =—oo 

- E x {t + r) • {e* * E*)(t) - E 2 (t + r) • (ej * E*)(t)) dtdV (18) 




The mixed mutual energy theorem is related with the concept of mixed Poynting vector 


36, 


37]. We do not clear perhaps the mixed mutual energy has some usage in the future. 
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L. Introduced the inner product to the mutual energy theorem 


This author has introduced the inner product in Fourier domain 18 h 20] . In this article 


this idea is generalized to time domain. In time domain the inner product is defined as 
following 


(Ci> (2)1-= I j (Ei(t + t ) x H 2 (t) + E 2 (t) x Hi(t + r )) dthdS 

S t =—00 

The author has shown that (Ci,C 2 )r is not a good inner product, but ((i,C 2 )t=o is a good 
inner product. The inner product is applied to the wave expansion problem. The normal 
function expansion method can be applied to electromagnetic field expansions. 


M. Re-explained the concept of the reaction 

Many confused concept about transform is clarified. There are time-reversed transform, 
mirror transform, time offset transform. In the above transform there are two different 
process in derivation of new theory one is substitution and the other is replacement. Mistake 
is often caused by confusing the replacement as substitution. The concept of causal held, 
advanced potential, retard potential, offset held, transmitting hied, receiving held is clarihed 
too. The concept reaction is re-explained as the mutual energy of two holds one is retarded 
potential and the other one is advanced potential. 


N. Complementary theorems 


Chen-To Tai has derived the complementary reciprocity theorem 


theorems, 2 mutual energy theorem and 2 reciprocity theorem. We apply 
held swapping transform 


We have obtained 4 
the electromagnetic 


Cs = sC= [ZH, ±E, ~K,-ZJ, -Z\\ 

4 corresponding complementary theorems are obtained. Among them one is the Chen-To 
tabs complementary reciprocity theorem. 
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III. MODIFIED MAXWELL EQUATION 


A. The Maxwell equation and the modified Maxwell equation 

There are two kinds of electromagnetic fields, one is transmitting field and the other 
one is receiving field. Assume £ = [ E , H] is radiated from the source p = [J, K\. p is 
inside the volume V, the boundary of the volume is S = dV. The example of this kind of 
electromagnetic field is the electromagnetic field radiated from an antenna. £ = [E, H] is 
the retarded potential. Another kind of field is the field received by the sink of p = [J, K], 
The example of this kind of electromagnetic field is the electromagnetic field received by an 
antenna which is advanced potential. 

Assume £ = [E, H, J, K,e, p] is a electromagnetic system, where £ = [E , H] are electric 
field intensity and magnetic field intensity, p = [J, K] are electric current distribution and 
magnetic current distribution, e, p are permittivity and permeability, we assume £ satisfies 
the Maxwell equation, 


V x H = J + dD (19) 

V x E = -K- dB (20) 


where d — d t — t|, t is time. V is gradient operator to the space variable x = [xi,x 2 ,x 3 ] is 
the rectangle coordinates, “x” is vector cross product operator. “Vx” is “curl” operator. 
V- is divergence operator Here D is electric displacement field intensity; B is magnetic 
induction field intensity. And 


D(t) = / e(t — t)E(t) dr 


( 21 ) 


B[t) = / p(t — r)H{r)dT 


( 22 ) 


If there is only one media e, p. the electromagnetic field can also be written as £ = 
[. E , H, J, K,D, B], In general we assume e and p are tensors 


e — [ e ij \, d=\^ij\ i = j = 1,2,3 


(23) 
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If there are N electromagnetic fields Q = [Ei, Hi,J,, A',A, A], i = 1,2, ...N. Assume (j, 
(2 ••• Cw satisfy the above Maxwell equation. Assume the superimposing electromagnetic 
held is 

C — Ci + C 2 • • • (n (24) 

There is the relationship, 


m = 



t)(Bi(t) + E 2 (t) H-1- E n (t))<1t 


T— — OO 
OO 

B(t)= j e(t — t)(Hi(t) + H 2 (t) H-f H n (t))cIt 

T= — OO 


(25) 


(26) 


B. The modified Maxwell equation 

Where ( = [A, H, J, K, D, B]. In the space with media (permittivity and permeability) 
e, n, normally D and B should satisfy the above formula. For the above formula the D(t) 
and B(t) are not linear. D(t) and B(t) are only linear when all fields Ci + C 2 • • • (n has same 
media, i.e. 

Q=i,-jv = e, = h (27) 

The above relationship can be loosen by defining that the relation from D to E and B to 
H are linear, which is. 


D(t) = Di(t) + D-iit) + • • • + Dj\r{t ) (28) 

B(t) = B 1 (t) + A?2 (7) + • • • + B N (t) (29) 

where 


OO 


D i(t) = i 

J 

[ €i(t - r)Ei(r)dT i = 1, • • 

• ,N 

(30) 

C 

Bi(t)= j 

-OO 

X) 

f 

Hi(t - r)Ei(r)dT * = !,-• 

• ,N 

(31) 


T— — OO 
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Hence there is 


D{t) = / (ei(t - t)E!(t) + e 2 (t - t)E 2 (t) 4-h e N (t - t)E n (t))(1t 


(32) 


B(t) = I (//i(£ — t)Hi(t) + n 2 (t — t)H 2 (t) H-f- fi N (t - t)H n {t))<1t (33) 

r—oo _ 

This modification can also be found in reference [141]. It can be proven that if Cm C 2 • • ■ Cv 
satisfy the Maxwell equation, with different media Eg (13011311) . the superimposing electro¬ 
magnetic field C = Ci + C 2 + • • • + Cn w iH also satisfies Maxwell equation Eq. (119120)1 with 
the above loosen relation Eq. (l32ll33l) . In the following we will combine the media equation 


to Maxwell equation. In case the field C satisfies the Maxwell equation with the media 
Eq . (j 2 5 1 2 6 [1 . it is will be referred satisfying the Maxwell equation. In case the field satisfies 
the Maxwell equation with the media condition Eq. (l32ll33l) it is referred as the modified 


Maxwell eq uation. The concept of “modified” is borrowed from the modified reciprocity 
theorem 15|, |16]. 


IV. THE TRANSFORM OF ELECTROMAGNETIC FILED 


A. Time reverse transform 


Assume r is time reversed transform 


33], C — [E(t), H(t), J(t), K(t),e(t), fi(t)] is electro¬ 


magnetic system and satisfies Maxwell Equation. [E r , H r , J r , K r ,e r , /j, r \ is the transformed 
electromagnetic system. Cr = or 


[E r (t), H r (t), J r {t), K r (t ), D r (t), B r (t )] = r[E(t), H(t), J(t), K(t),D(t), B(t )] 

= [E(-t), H(—t), K(—t), D(—t), B(-t )] (34) 

It can be proved that if the electromagnetic field C satisfied Maxwell equation, the time- 
reversed electromagnetic field ( r is also satisfies the the time reversed Maxwell equation: 


V x H = J - dD 

(35) 

V xE = -K + dB 

(36) 
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Proof: If the electromagnetic field £ is normal field (satisfies Maxwell equation), If £ is time 
reversed field then r£ is normal held. £ r = r£ will be time-reversed satisfies time-reversed 
Maxwell equation. There is £ = r£ r or 

[E(t),H(t), J(t), K(t),D(t), B(t )] = r[E r (t),H r (t), J r (t), K r {t), D r (t),B r {t )] 

= [E r (-t),H r (-t),J r (-t),K r (-t),D r (-t),B r (-t)] (37) 

Substituting this to the Maxwell equation, there is 


Assume —t = T,d t = —d T 


V x H r (—t ) = J r (—t ) + d t D r (—t ) 

V x E r (—t ) = — K r (—t) — d t B r (—t) 

V x H r (r) = J r (r) - d r D r (r ) 

V x E r (r) = -K r {r) + d T B r (r) 

Hence ( r satisfies the time reversed Maxwell equation. Proof finish. 


(38) 

(39) 

(40) 

(41) 


The above 


theorems 01 [l7|. It is worth to say, even the time-reverse transformed held does not satisfy 


ime reversed transform has been applied to produce a few reciprocity 


the Maxwell equation, but if we put the minus sign insider the media, i.e., dehne 


e r (-t) = -e(-t), = -K-t) (42) 

or 

[E r (t),H r (t), J r (t),K r {t),e r (t),n r (t)} = r[E(t),H(t), J(t),K(t), e(t),n(t)] (43) 

= [E(-t),H(-t), J(—t), K(—t), -e(-t), -/i(-t)] (44) 

We can prove that £r = [E r (t), H r [t ), J r {t), K r (t), e r (t), /i r (t)] satishes the Maxwell equation 
as following 

V x H t {t) = J r (r) + d T {e r {t) * E r (r)) (45) 

V x E r [r) = -K r (r) - <9 r (/i r (t) * H r (r)) (46) 

Hence whether or not the time-reverse transformed held satishes Maxwell equation, is de¬ 
pending how the media after the transform is defined. In the following only the Eq ljTTl) will 
be referred as time reversed transform. A electromagnetic held after time-reverse transform 
is still magnetic held. 
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B. Magnetic mirror transform 


Assume h is magnetic mirror transform 33], £ = [E(t), H(t ), J{t), K(t), e(t), fi(t)] is elec¬ 
tromagnetic field and satisfies Maxwell Equation. [Eh, H h , J h , K h , e^, Hh] is the transformed 
electromagnetic system. Q h = /i£, or 


[E h (t),H h (t), J h (t),K h (t),e h (t), ii h (t )] = h[E(t),H(t), J(t),K(t), e(t), //(*)] 

= (47) 

Ch — it can be easily proven that £ = h(h, he., 

[E(t), Hit), J[t), Kit),e{t),iiit)\ = h[E h (t), H h (t), J h (t), K h {t),e h {t), fi h {t)] 

= [E h i~t), -H h (-t),-J h .i-t), K h {-t), e h .i~t), n h i-t)} (48) 

It can be proved that if the electromagnetic held £ satisfied Maxwell equation, the magnetic 
mirror transformed held £^ also satishes the Maxwell equation. 

Proof: Substitute Eq. (l48l) to the Maxwell equation Eq. (jl9ll20j) 

V x (-1 )H h i-t) = (-1 )J h i-t) + dD h i-t) (49) 

V x E h i-t) = -K h - d(-l)Bi-t) (50) 

or 

V x (-1 )H h i-t) = (-1 )J h i-t) + (-1 )d_ t D h i-t) (51) 

V x E h i-t) = -K h - i-l)d_ t (-l)B{-t) (52) 

or 

V x H h {-t) = Jhi-t) + d_ t D h i~t) (53) 

V x Ehi-t) = -K h - d_ t Bi-t) (54) 

substitute r = —t, there is 

V x Hhir) = J h .ir) + d r D h ir) (55) 
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V x E h (r) = -K h - d T B h (r) 


(56) 


Hence (h satisfied the Maxwell equation. Proof finish. 

Hence an electromagnetic fields after the magnetic mirror transform, it is stall electro¬ 
magnetic field satisfying Maxwell equation. 

C. Electric mirror transform 

Assume e is electric reversed transform, ( = [E(t), H(t), J(f), K(t),e(t), /i(t)] is electro¬ 
magnetic system and satisfies Maxwell Equation. [E e , H e , J e , K e ,e e , n e \ is the transformed 
electromagnetic system. £ e = e(, or 


[E e (t), H e (t), J e (t), K e (t),e e (t),n e (t)] = e[E(t),H(t), J(t),K(t), e(t), n(t)] 
= [-E(-t), -K(-t),e(-t),n(-t)] 


(57) 


It can be proven that ( e = e£ satisfies Maxwell equation. 

Proof: C = e (e, substitute this to Maxwell equation Eq (ll9ll20L There is 


V x H e (-t) = U-t ) + d(-l)D e (-t) 


(58) 


V x (-l)B e (-t) = -(-l)K e -dB e (-t) 


(59) 


or considering d t = (— l)d-t 


V x H e (-t) = J e (-t ) + {-l)d- t (-l)D e (-t) 


(60) 


V x (-1 )E c (-t) = —(—l)A' e - (-1 )S_,B e (-t) 


(61) 


or 


V x Ilx-t) = JX-tj + !L,DX-t) 


(62) 


V x EX-t) = —K e - a_,B(-t) 


(63) 


or considering —t — r 


V x H e (r) = J e (r) + d r D e (r) 


(64) 
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V x E e (r) = — K t - d T B c (r) 


(65) 


Hence ( e is also satisfies the Maxwell equation too. Proof finish. 


D. Conjugate transform corresponding to time-reversed transform 

Considering a real function /(t), 


OO 

f(t) = F ^ 1 {F(u)}= j F{uj) exp(jaA) dt 

— OO 

Hence 

OO 

j F(u ) exp (-jut) dt 

— OO 
OO 

= {J F*(uj) exp (jut) dt}* 

— OO 

Considering f(—t) is a real function 


K-t) = n-t ) 


OO 

J F*(co) exp (j cot) dt 

— OO 

= 


In the time-reversed transform considering f(—t ) —>■ F*(co), we can obtained the corre¬ 
sponding time-reversed transform in Fourier domain. 


Assume r is time reversed transform 


33], C = [F(co), H(co), J(co), K(lo ), e(ui), /i(u;)] is elec¬ 


tromagnetic system and satisfies Maxwell Equation. [E r , Ft r , J r , K r: e r , /i r ] is the transformed 
electromagnetic system. ( r = r(, or 


[E r (uo),H r (co), J r (co), K r (co), e r (uo),/j r (u)] = r[E(u), H(u),J(u), K(u), e{u), fi(u)) 

= [E*{ u),H*(ou),J*(Lo),K*(ou),~e*(u;),-v*(ou)] (66) 

or 

Cr = rC 
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There is 


C = <r 

or 


[E{u),H{u),J(u), K(u),e(u),/i(uj)\ = r[E r (uj ), H r (u ), J r (u), K r (u), e r (uj), n r (u)] 


= [e», h;(u), j;h, -e», -/z»] 


(67) 


Assume £ = [£^(o;), H(u>), J(u), K(u), D(cj), B(uj)\ satisfies Maxwell Equation 


X7 xH; = J* + (jco)(-e* r )E* r 

(68) 

x/xe; = -k; - 

(69) 

V x H r = J r + jue r E r 

(70) 

V x E r = —K r — ju/j, r H r 

(71) 


Hence [E r , H r \ is the solution of Maxwell equation with the current [J r , K r ] and media [e r , /i r ] 


E. The conjugate transform corresponding magnetic mirror transform 


Considering F{f(—t)} = which F{«} is Fourier transform, tn Fourier 

domain (or complex space), the magnetic mirrored transform become conju¬ 
gate transform fl5. 16]. Assume h is magnetic mirrored transform 33], £ = 

[E(t),H(t), J(t),K(t),e(t), fi(t)] is electromagnetic system and satisfies Maxwell Equation. 
Ch(t) = [Eh(t), Hh(t), Jh{t), Kh(t),6h(t), Hh(t)] is the mirror transformed electromagnetic 
field, The corresponding conjugate transform is defined as following £ h (oj) = /i£(cu), or 


\E h (u>), H h (u ), J h (u), K h (u ), e h (uj),n h (u))\ = h[E{u), H{u), J(u), K(u), e(u), fj,(u)] 


= [E* (w), - J», K*(u),e*(ou),n*(uj)} 


Since £/j = /i£, it can be easily proven that there is £ = h( hl or 


(72) 
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lE(ui), H(w), J(w), K(u), e(u), ju(w)] = h{E h (w), H h (w),J h (u), K h (u), e»(w), in,(u)' 


= KH, -#»», -J». /QM, e ;(w), rtH] (73) 

If £(a>) is electromagnetic field, after conjugate transform, is also electromagnetic field. 

F. The difference between the replacement and the substitution of a transform 

Assume there is a formula /(..., () which contents the field ( = [J, K, E, H, e, fi]. 

/(•••, 0 — /(•••) [J, K, E, H, e, /j]) (74) 

Here /(...,£) can be any known electromagnetic formula derived from Maxwell equation 
for example the reciprocity theorem. 

There is difference between the replacement and substitution of a transform. Assume 
here [J, K] are the source. Assume (h is the magnetic mirror transformed hied, so that 
(h = [ Jhi Kh, Eh, Hh , €h, Hh\ = h(. And hence there is ( = h(h.. h is mirror transform Hence 
C = Kh = [-Jh{-t),K h (-t), -~H h (-t),E(-t),e h (-t),n h (-t)\. we can substitute C = Kh. 
to above formula, which is 

/(..., 0 = /(..., K h (—t), E h (—t), -H h {-t),e h {-t),» h (-t)]) (75) 

In this situation the formula does not change. However if we replace the ( using Q lt , which 
is 


/(..., Ch) = /(..., [Jh, I<h, Eh, H h , e h , fXh}) (76) 

The formula is changed. Since clearly that ( is not Q,. Substituting (h = K to the above 
formula, there is 


/(..., Ch) = /(..., [-J(-t), K(—t), E(—t), -H(-t), € (-t),ij,(-t)]) (77) 


is a different formula compare to, 
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/(..., [-J h (-t),K h (^t),E h (-t),-H h (-t),e h (-t),^ h (-t)}) (78) 

Hence if /(..., () = 0 we can not guarantee that = 0. 

Substitution will not change the original formula, but the replacement will change the 
original formula. Using replacement actually derive a new formula which is the dual of 
the original formula. It mast be very careful to the replacement and substitution of the 
transform which are two different manipulations. 

G. Time offset transform 

Assume T is time offset transform £ = [E(t), H(t), J(t ), K(t), e(f), /i(f)] is electromagnetic 
system and satisfies Maxwell Equation. ( T = [E T , H T , J T , K T , e^, Ht\ is the transformed 
electromagnetic system. 

C t = [Er(t), H T (t), K T (t), er(t), ^r(t)] 


= T[E(t), H(t), J(t), K(t), e(t), n(t)] 

= [E(t + T), H(t + T), J(t + T), K(t + T),e(t + T),fji{t + T)] (79) 

It can be proved that if the electromagnetic held ( satisfies the Maxwell equation, then the 
time-offset electromagnetic held Cr is also satishes the Maxwell equation. 

H. Space offset transform 

Assume T is time offset transform £ = [E(t), H(t), J(t), K(t), e(t), is electromagnetic 
system and satishes Maxwell Equation. ( x = [Ex, H x , Jx, K x , ex, fJ>x] is the transformed 
electromagnetic system. Where X is stand for space transform. X is also a value of space 
offset X = [Xi, X 2 ,X 3 ]. Assume x = [aq, X 2 , £ 3 ]. 

Cx = [E x (t,x), H x (t,x), J x (' t , x) , K x (t, x) , e x (t, x) ,n x (t,x)] 


= X[E(t, x), H(t, x), J{t , x), K(t , x), e(t, x),n{t, a;)] 

= [E(t, x + X), Hit, x + X), J(t,x + A"), K(t, x + X), e(t, x + A), fi(t, x + A)] (80) 
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It can be proved that if the electromagnetic held £ satisfies the Maxwell equation, then the 
space-offset electromagnetic held Qx is also satishes the Maxwell equation. 

The idea of time offset and space offset has been used in reference[17]. 


I. Transform by swapping electric field and magnetic field 


Assume s is a swap transform which can swap electric field and magnetic field, £ = 
[E, H, J, K, e, n] 

( s = s( = [i aH , bE, cK, dJ, e/j,, fe} 
and this transform should be able to reverse, that means 


C = sCs 

C '-’Cs [tt-ZA? b-^S7 ^A s , dJ si CfAsi f C s ] 

Where a, 6 , c, d. e, / are constant to be found. Assume ( = [E , H , J, K, e, / j ] satisfy Maxwell 
equation 

V x H = J + juieE 
V x E = —K — joofiH 

We can substitute C to the above Maxwell equation, (' s = [E s . H s , J s , K s , e s , (i s \ should also 
satisfy the Maxwell equation 


V x H s = J s + jue s E s 
V x E s = —K s - juii s H s 

After substituting we have 


V x ( bE s ) = cK s + jojeid s aH s 

V x ( aH s ) = — dJ s — jufebE s 


V x E s 


-K, 


ea 


ju^ s H s 
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d fb . 

V x H s J s juj(i s E s 

a a 

We found that the constant should following 



Or 


_ d 

a 

ea 

T = 

_fb 

a 


-- 1 
-1 

= 1 


c = —b 
d = —a 


b 

a 



What about a and bl Since this transform is not only satisfy the Maxwell equation, there 
has unit dimension problem. After the transform it should has same unit dimension. 


E s = aH 

H = bE s 
E s = abE s 


ab = 1 

Now if a is known all other constant can be found, a actually can be any value, however 
considering 


e oE 2 , fi 0 H 2 

have the same unit dimension of energy, hence the following has the same unit dimension. 
Here eo and /io is values in empty space. 

\fd{)E, y/JioH 
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or have same unit dimension. 


where 


Hence we can just take 


From above we can find if we take 


Further we have 


E, ZH 



1 

c = ~z 

d=-Z 

1 

6 “ 

/ = -Z 2 
or 

0 = < = [ZH, ±E, ~K, -ZJ, ~fi, —Z' 2 e] 

substitute ( s to 

V x H s J s ~\~ jcoe s E s 
V x E s Eg juiigHg 

we have 

V x (is) = K)+M~ii){ZH) 

V x (ZH) = -(-ZJ) - M-Z\)(^E) 
or 

V x E = —K — jut^H 
V x H = J + jueE 

That is the Maxwell equation. 
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V. ADVANCED POTENTIAL AND RETARDED POTENTIAL 


A. Mirrored transform for A(t ), <j){t ), g(t) 


Assume A(t),4>(t) are vector potential and scale potential and is defined as following 


E = -V0 - dA 


(81) 


B = V x A 


(82) 


Assume the magnetic field C = [E(t), H(t), J(t),K(t),e(t),fjb(t)]. Assume the magnetic cur¬ 
rent is assumed as K = 0. Assume g is electric charge distribution which is related current 
distribution through continue equation 


V • J + dg = 0 (83) 

Hence, J is the only source of the potential [A(t),4>(t)]. Now let us find out the mag¬ 
netic mirror transformed potential and electric charge distribution [A(t),(/)(t), g(t)], i.e. 
[A h (t), Qh(t)] = h[A(t), Here h is magnetic mirror transform. 

Assume the magnetic mirror transform for (j){t ) and g{t) is same as to E(t), The mirror 
transform of A(t) is same as H or B. 


[A h (t), (fi h (t), J h (t), K h (t), g h (t),t, d t \ = h[A(t), (j>(t), J(t), K(t), g(t)] 


= -J(-t),K(-t), g(-t)] (84) 


It can be proven that the calculated Eh(t) = —V0h — dAh, Hh(t ) = V x Ah satisfies the 
magnetic mirrored transform Eq. f|47lh Here h is magnetic mirror transform. We need to 
prove that 
1 ) 

E h (t) = E(-t ) (85) 

2 ) 

H h (t) = -H(-t ) (86) 


3 ) 


V ■ J h + dg h = 0 


(87) 
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Hence, guarantees the magnetic transformed field [Eh(t), Hh(t)] satisfies the Maxwell 
equation Eq. fjl9|l20|) . It also guarantees the current continue function still satisfies. 

Proof: After the magnetic mirror transform, the time t is changed to —t and the d t change 
to — <9_f = — d T , here —r = —t that is For example 
1 ) 

E h (t) = -V0 h - d t A h 
= -V0(-t) - dt(-A(-t)) 

= -V0(-t) - d- t {A{-t)) 

= (-V0(r) - a T A(r))| r= _ t 

= E(t)\ T= . t 

= E(-t ) (88) 

2 ) 

B h = V x A h = V x ((-l)A(-t)) = -V x A(-t) = -B(-t) (89) 

Hence 


B h = —B(—t) = -(Mr) * H(r))\ T= _ t = * H(-t )) = /i h * ( -H(-t )) (90) 


considering 

Bh = Hh* H h (91) 

Hence we have 

H h = —H(—t) (92) 

3 ) 

V • J h + dg h 

= V-(-J(-f))+^(-f)) 

= V • (- J(-t)) - d. t g(-t)) 

= —(V ■ J(—t) + d- t g(—t)) 

= -(V- J(t) +d T g(r )) 

= 0 (93) 

In the above proof r — —t has been used. Proof finish. 


27 



B. Advanced potential and retarded potential 


In empty space the retarded potential is widely accept which are following, 


E r = -V0 r - dA r 


(94) 

B r = Vx A r 


(95) 

ff X ; 

47re 0 J \x — x 

Uv 

(96) 

V 



V(z, t )=f f^’ r } 
An J \x — x'| 

dV 

(97) 

V 



i- = i 


(98) 


Where c is the speed of light wave in empty space. Here K = 0 is also assumed. 
There is corresponding advanced potential, where 


E a = -V<T - dA a 


(99) 


B a = V xA a 


( 100 ) 


A“(x,t) 




= 1 / 

' e(x ' X) iV 

47Te 0 J 

\x — x'\ 

V 


hO f 

j (xn 

An J 

\x — x'\ 

V 


\x 

— x'\ 

— t ~\ - 



( 101 ) 

( 102 ) 

(103) 


c 

The above electromagnetic held ( r = [ E r , H r , J r , K r , e r , p r ] is the corresponding held of 
the retarded potential. ( a = [E a , H a , J a , K '“, e a , /i a ] is the corresponding held of the advanced 
potential. In the above we can assume that J r = J a = e r = e a = e, /x r = /i“ = /i. That 
means for the electric current J and media e, /i, the superscript r and a can be dropped. 

If the electric current or magnetic current p = [J, K] sending electromagnetic wave out, 
p r = [J r , K r ] is the source. If the electric current or magnetic current p a = [J a , K a ] receiving 
electromagnetic wave, p a = [./“, K a ] is the sink. The retarded potential is the electromag¬ 
netic held £ r = [E r , H r ] transmitting from the source p r = [J r , K r ]. The advanced potential 



is the electromagnetic field £ = [ E a , H a \ received by the sink p a = [J a , K a ], Advanced poten¬ 
tial and retarded potential are all normal electromagnetic field which satisfies the Maxwell 
equation. In next subsection we will shown that the field of advanced potential is magnetic 
mirror transformed transformed field. It is not the time reversed field. 

Here the mirror transformed field and time reversed field are different. Mirror transformed 
fields still satisfy the Maxwell equation and hence is a normal electromagnetic field. But 
the time reversed field does not satisfy the Maxwell equation, it satisfies the time-reversed 
Maxwell equation Eq. (140114TT) which is very close to Maxwell equation (It is noticed if the 
minus sign is put to the media, the field after the time-reversed transform is still satisfies 


the Maxwel 
theorems 


equation'). Time reversed transform can be apply to derive some reciprocity 


10] 17], 


C. Obtain advanced potential from mirrored transform 


The retarded potential is widely accept. Advanced potential is not widely accept. How¬ 
ever magnetic mirror transformed field is accept widely, since mirror transformed field satis¬ 
fies the Maxwell equation and also easy to explained as the reflect field on a magnetic super 
conductor mirror. In this subsection we will derive the advanced potential from magnetic 
mirror transform and retarded potential. 

Assume 

Ci it) = (104) 

C 2 (t) = [E 2 (t),H 2 (t), J 2 (t), K 2 (t), e 2 (t), fi 2 (t)] (105) 

are both retarded potentials. Assume there is only electron current hence K\ = 0 and 
K 2 = 0. Assume 


[J 2 {t), K 2 (t),e 2 {t),n 2 {t), g 2 (t)\ = [-Ji(-f), A'i(-f), ei(-f), /xi(-f), Qi(-t)] 
corresponding to the source p 2 is the retarded potential, and there is 


4>2 (x,t) = - / -7-rA —-dV 


4vren 


\x — x' 


V 


Mx , t) ^ f 


4nen 


\x — x' 


V 


(106) 


(107) 

(108) 
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and the corresponding fields are 


E'2 — — V02 — dA2 
B 2 = V x A 2 

Assume 

(3 = h ( 2 

( 3 is magnetic mirrored field of the retarded potential £ 2 - Considering 

A 3 (x, t ) = hA 2 (x, t ) = -A 2 (x, -1 ) 

fa(x,t) = h(f> 2 (x,t) = (j} 2 (x,-t) 
Considering Eq. (1107110811 . there is 


A 3 (x,t) = (-) 


1 rM*,-t 


47re n 


dV 


\x — x' 


V 


4>3 (X,t) = 


-1 r i / -t \x—x'\ \ 

1 f Q2{X ,~t- L — A ) 


47re n 


dV 


\x — X’ 


V 


Considering Eq. fllOOp . there is 


1 r jJ x ' it+ \^l) 

A 3 (x,t ) = - / - 7 - rA—-dV 


47re n 


x — x' 


v 


1 r 

4>3 {x,t) = -- / - 7 -77“- dV 


47re n 


x — x' 


v 


The field can be obtained 


(109) 

( 110 ) 

( 111 ) 

( 112 ) 

(113) 

(114) 

(115) 


(116) 

(117) 


E 3 — —V03 — dA 3 (118) 

B 3 = X7xA 3 (119) 

This way It is proven that the magnetic mirror transformed field 

Cs(t) = [E 3 (t),H 3 (t),J 3 (t),K 3 (t) : e 3 (t)^ 3 (t)} (120) 

from a field of the retarded potential 

C 2 (*) = [E 2 {t),H 2 {t),J 2 {t),K 2 (t),e 2 {t), f ^{t)] (121) 
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is just the field of the advanced potential of the sink p\ = 0]. 

The field of the advanced potential is obtained by using a magnetic mirror transform. 
Hence the advanced potential should be acceptable same as the field obtained form a mag¬ 
netic mirror transform. In the following the transmitting field and retarded potential are 
field that send out from the source p = [J, K}. Receiving potential and advanced potential 
are field receiving by the sink p = [J,K\. Electric and magnetic current can receive and 
transmit the field or do both in the same time, i.e. p = [J, K] can be sink or source. 

VI. THE MODIFIED POYNTING THEOREM 

A. The superimposing electromagnetic field 

The superimposing electromagnetic field is considered which contains the following elec¬ 
tromagnetic field compounds, 

(1) retarded potential which send from the source. 

(2) advanced potential which is received by the sink. 

(3) time reversed field of the retarded potential and advanced potential. 

(4) mirror transformed field of the retarded potential and advanced potential. 

(5) time-offset field of the above fields. 

(6) space-offset field of the above fields. 

(7) transmitting field, which is sent from the antenna. 

(8) receiving field, which receiving from antenna and reflected by the antenna 

The Maxwell equation Eq. (11911201) satisfies. This is also referred as the modified Poynthing 
theorem. The simple example is shown in the following. Assume (x, C 2 ,C 35 C 4 ? C. 5 >C 6 are all the 
field of the retarded potential, 

C — Ci + ^(2 + ^(3 + + X (5 + r( 6 ( 122 ) 

is superimposed field. Where h and e are magnetic and electric mirror transforms. h ( 2 and 
e £3 are receiving fields or advanced potential. T is time offset transform, X is space offset 
transform. T (4 is time-offset field, A '(5 is spatial offset fields. r(e is time reversed transform. 
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B. The Poynting theorem 


The Poynting theorem can be proved as following from Maxwell equation Eq. (ll9ll20p . 

- V • (E x H) = J ■ E + K ■ H + E ■ dD + H ■ dB (123) 

Where is vector point product. The superimposed field Eq. (112211 satisfies the Maxwell 
equation, if the media satisfies Eq. (l25H26p .i.e.. there is only one media, [e, /j] we say that the 
Poynting theorem establishes. 

C. The modified Poynting theorem 

The Eq. (jl23jl is also the modified Poynting theorem if we consider the media Eq. (l32ll33p . 
The derivation of the modified Poynting theorem can be done with Maxwell equation and 
the modified media Eq. 032ll33l) . The derivation of the modified Poynting theorem is exactly 
same as derivation Poynting theorem form Maxwell equation. The only different is that 
the media have been generalized to Eq . 03211331) from Eq. (j25ll26p . If Eq. (I25M26P is applied, the 
word “modified” can be dropped, it become Poynting theorem. The concept of “modified” is 
borrowed from the modified reciprocity theorem [if]]. We extended this idea to the Maxwell 
equation and also Poynting theorem. 


D. The Poynting theorem in Fourier space 


Considering 


Hence there is 


+oo 


fit) = F (/M) = 7 ^ / f(u)exp(jujt)duj 


2tt 


uj=—oo 


+oo 

df{t) = ^ j f (uj)d exp(jut) doj 

OJ= — OC 

+oo 

= 2 tt / fi u )id^)^{j^t)duj 

0J= — OO 


F {9f(t)} = ( ju)f(u ) 
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or there is the transform 


d ->• (ju>) 

from time-domain to Frequency domain. And the Maxwell equation in Fourier space be¬ 
comes, 


X7 x H = J + (jcu)D (124) 

V x E = —K — ( ju)B (125) 

In frequency domain the Poynting theorem Eq. (11231) can be written as 

- V • (E x H) = J ■ E + K ■ H + E ■ juD + H ■ juB (126) 

E. The complex Poynting theorem 

Considering dt —> ju in the Maxwell equation Eq. (ll9f20h . there is the Maxwell equation 
in the Fourier domain, 


V x H = J + (jui)eE 


(127) 


— V x E — K + juifiEt (128) 

take complex conjugate to Eq. (II 27ft . there is 

V x H* = J* + {juj)*e*E* (129) 

point product a variable H* and E to Eq. (ll28|ll29p . there are 

-H*-VxE = H*-K + juH* ■ iiH (130) 

E ■ V x H* = E ■ J* + (ju)*E ■ e*E* (131) 

Add them together 

- H* ■ V x E + E ■ V x H* = H* ■ K + juH* ■ fiH + E ■ J* + (ju)*E ■ e*E* (132) 
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Poynting theorem in Fourier domain can be written as 


— V • (E x H*) = E ■ J* + H* ■ I< + ju(H* ■ fiH — E ■ e*E*) (133) 

VII. FAIL TO DERIVE THE MUTUAL ENERGY THEOREM FROM COMPLEX 
POYNTING THEOREM 

Our first try is to obtained mutual energy theorem from complex Poynting theorem. This 
try is failed, instead of obtained the mutual energy theorem we obtained the mixed mutual 
energy theorem. 

Assume C = Ci + C 2 , the above formula can be rewritten as 

-V-((£i + A 2 ) x (H* + H*)) 

= {E 1 + E 2 ) • (J* + J*) + (H* + H*) ■ (Ad + K 2 ) 

+ ju{{H* + H*) ■ + ll 2 H 2 ) - (Ei + E 2 ) ■ (elEl + e*E*)) (134) 

take out all self energy compounds, it becomes 

-V • (A, x H* + E 2 x H{) 

= Ei • j; + E 2 ■ Jl + HI ■ K 2 + H* • I<i 
+ ju(Hl ■ ii 2 H 2 + HI ■ /j>iHi — Ei ■ — E 2 ■ e\El) (135) 

or in intergral form, 


- J (Ei x H* + E 2 x HI) ■ MS 
s 

= J (Ei- J* + E 2 ■ Jl + HI ■ K 2 + H* ■ Ki)dV 
v 

+ juo J (HI ■ i-i 2 H 2 + H* • 111H1 - El • e* 2 E* - E 2 ■ e* x E* x )dV (136) 

v 

This is referred as mixed mutual energy theorem. It is related to the concept of mixed 
Poynting vector. It is corresponding to Poynting theorem in the complex form. The inverse 
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Fourier transform of above formula is 


(£i(t + r) x 77* (f) + £ 2 (f + r) x H*{r))dt ■ fidS 


S t =—oo 


oo 

= I j (E^t + r) • J*(f) + E 2 (t + t) ■ J*(f) + 77*(f) ■ I\ 2 (t + r) + 77*(f) ■ K t (t + r)) dt dV 

V t=— oo 

oo 

+d T J f (77*(t) • (/i 2 * tf 2 )(f + r) + 77*(f) • * HJit + t) 

V t =—oo 


- ^(f + r) • (e* * £*)(f) - £ 2 (f + r) • (ej * ££)(f)) dfdU (137) 

In the above formula (/ *g)(t) means convolution of the function /(f) and g(t). Considering 
77(f), 77(f), e(f), //(f) are all real variables, the above formula can be rewritten as following, 


J(Ei(t + r) x 77 2 (f) + E 2 (t + r) x 77i(r)) • fids' 
s 


J (Ei(t + t ) • J 2 (f) + £ 2 (f + r) ■ Ji(f) + 77!(f) • 77 2 (f + r) + H 2 {t) • A/(f + r))dU 
v 

+d T f mt) ■ (/i 2 * 77 2 )(f + t) + 77 2 (f) • (/ti * 77x)(f + r) 
v 

- 77i(f + r) • (e 2 * E 2 )(t) - E 2 (t + r) • (d * Ei)(t))dV (138) 


This can be seen as mixed mutual energy theorem in time domain, it also can be referred 
as mixed time-correlation reciprocity theorem. It can be prove that the the real part of 
mixed mutual energy theorem Eq. (113611 is same as the real part of the mutual energy the¬ 


orem Eq. (12571) . Mixed mutual energy theorem is related to the concept of mixed poynting 


vector 
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VIII. DERIVATION OF MUTUAL ENERGY THEOREM BY AVERAGE 

We define the mutual energy of a electromagnetic field system as the difference between 
the total energy and the self energy. We derive mutual energy from the idea that subtract 
the self energy from the total energy, the rest is the mutual energy. There is energy conser¬ 
vation theorem which is Poynting theorem which guarantee the total energy and self energy 


35 








are conservation. Hence the mutual energy should also be conserved. The mutual energy 
is conserved is referred as mutual energy theorem. The following gives the detail of the 
derivation of the mutual energy theorem 


A. Spatial-temporal mutual energy theorem 


Assume 

E — Ei + E 2 

(139) 

D = Di + D 2 

(140) 

H = Hi+ H 2 

(141) 

B = Bi + B 2 

(142) 

J — J\ + J 2 

(143) 


Assume is produced from .J x and assume (E 2 , H 2 ) is produced from J 2 . It is clear 

we have the Poynting theorem as following, 

-V-(£aX H x ) = J l -E 1 + E 1 - dD 1 + H x ■ dB 2 (144) 

- V • {E 2 x H 2 ) = J 2 ■ E 2 + E 2 -8D 2 + H ■ 3B 2 (145) 

substitute Eq. (ll39lll40lll41lll42p to Eq. (ll23D and subtract Eq. (11441) and Eq. (11451) from 
Eq. (ll23p , we obtain, 

— V • ( Ei x H 2 + E 2 x H\) = J\ ■ E 2 + J 2 ■ Ei + E x ■ dD 2 + E 2 ■ dDi + Hi ■ dB 2 + H 2 ■ dBi (146) 

Actually we can call Eq. (ll23l) total part of Poynting theorem. The Eq. (ll44lll45p is self part 
of Poynting theorem. Eq. (11461) is mutual part of Poynting theorem. The corresponding 
integral form of the above formula is 


J f (EixH 2 +E 2 xHi 


\-hdS 


s 


v 


(J r E 2 +J 2 -E 1 +E r dD 2 +E r dD 1 +H r dB 2 +H r dB 1 )dV 


(147) 
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Where n is norm vector of the the surface S. The above Eq. (1146II147H are referred as spatial- 
temporal mutual energy theorem in this article. In the derivation of the above Eq. fl 1461 147[) 
we have considered the media, 


D\ = eE l 

(148) 

D 2 = eE 2 

(149) 

B\ = fiHi 

(150) 

B 2 = (iH 2 

(151) 


B. Modified spatial-temporal mutual energy theorem 

If we assume that 


D i — ei Ei 

(152) 

D 2 = £ 2 E 2 

(153) 

B\ = [i 2 Hi 

(154) 

B 2 = h 2 H 2 

(155) 


Eq. fl 14611 147p are referred as modified spatial-temporal mutual energy theorem. Modified 
spatial-temporal mutual energy theorem can be derived directly from modified Poynting 
theorem. We can see in the derivation if only consider E, //. I). B, J. The medium e\ ./q 
and 62 ,P 2 did not appear in the proving process. Hence using the exactly same proving 
process we can obtain the modified spatial-temporal mutual energy theorem. 

It is remarkable that we did not care whether or not the modified spatial-temporal mutual 
energy theorem is a true physical theorem, we can consider it as a mathematical theorem. 
In real situation there is only 


6 l = 6 2 = 6 

(156) 

AH = At 2 = 

(157) 


Modified mutual energy theorem can be used to simplify some calculation of electromagnetic 
fields which will be shown in the following. 
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C. Mutual energy theorem in complex space 


Considering / = Re{f 0 exp(jujt)} g = Re{g 0 exp(jut)}, 

f 9 = Re{fo exp (jut) }Re{g () exp(jujt)} 

1 1 

= ^(foexp(jujt) + fo(exp(jujt)Y)-(g 0 exp(jut) + go(exp(jut)y 

= ^(fo9oexp(j2ut) + /o 9o ( ex P (J 2a;t)) * + / 0 ^ + fo9o) 

= ^{Re{f 0 g 0 exp(j2ujt)} + Re{f Q g* Q }) 

Considering 

< f 0 g 0 exp(j2ujt) >= 0 

Where< • >means average of some variable with time. Hence we have 


(158) 


(159) 


</,»>= 2 fie {/o»o} 

= j*{/o exp(jujt) 9 j(exp(j'wt))*} 


(160) 


Hence we have the following transform after the average if do not consider the constant 


or =Mneans take an average 


According to this, we have 


f 9 = 

=» fg * 

(161) 

f 9 = 

*f*9 

(162) 

E\ x H-2 = 

=> Ei x U *_ 

(163) 

E 2 x Hi = 

=» E'l x iA 

(164) 

J\ x E 2 = 

Ji X i?2 

(165) 
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J 2 x E\ ==>• J2 x Ei (166) 

In the above substitution we always put the * to the all variable with subscript 2. considering, 

df = dRe{f a exp(jut)} 

= d^(f 0 exp(jut) + /o (exp(jo;t))*) 

= ^(jw/ 0 exp(jwt) + /o(-jw)(exp(jw£))*) 

= ^e{(ju;/oexp(ja;i)} 

= ^Re{(jujf} (167) 

Hence we have the following transform 

d =► ju (168) 

We obtain, 

Ei ■ dD 2 => Ei • ( deE 2 )* = E x • ( jueE 2 )* = (ju)* E x ■ e*E* = -ju Ei ■ e*E* (169) 

and 

E 2 ■ dDi ==>• E 2 ■ ( juoeEi ) = juE% ■ eEi ( 170 ) 

similarly we have 

Hi ■ 8B 2 ==► -ju Hi ■ /i*H; (171) 

H 2 ■ 3Bi => juH * 2 ■ fiBi (172) 

Substitute the above formula to Eq. (11461) we have 

-V ■ (Ei x H* + E* x Hi) = 

Ji ■ E 2 + J 2 ■ Ei — ju Ei ■ e* E 2 + juE 2 ■ eEi — ju Hi • 11*Hj + juH2 ■ jiB x (173) 

Considering 

a ■ Cb = ciiCijbj = Cijdibj = Cj t a t ■ bj — b ■ C T a (174) 

Hence we have 

Ei ■ BE* = E* ■ (e*) T Ei = E * 2 ■ e f E, (175) 
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Where A t = ( A*) T . f means matrix conjugate. T means matrix transpose. Hence we have 


H 2 *(e f - e)Hi 

(176) 

S)Hi 

(177) 


Hence Eq. (11731) can be rewritten as following, 

- V • [E\ x H* + H* x H,) = ./, • E* + J* ■ Ei - juE* 2 • (e t - e)E 1 - juH* • (/x f - /r)Hi (178) 
The corresponding integral form is 



(HixH*+H*xHi)-hdH = 



v 


(J r E;+j;-E 1 -jujE;i^-e)E 1 -juH;i^-ii)H 1 )dv 

(179) 


D. mutual energy theorem in complex space with lossless medium 

If the medium is lossless, there are following condition, 


1 = e 

(180) 

= ji 

(181) 


Hence there is 


juE 2 ■ (e^ — e)Ei + juH 2 ■ (/i^ — n)Hi = 0 (182) 

Hence the complex mutual energy theorem can be simplified to the following form, 


v • (Ei x h* + e; x Hi) = j x ■ e* + j; • Hi 


or if the integral form, 



(Hi x H* + E* x Hi) • MS = 



(Ji • H* + J* • Hi) dH 


(183) 


(184) 


V 


This is referred as simp 
mutual energy theorem 


ihed form of the mutual energy theorem. Or for simplification, jus t 


18 


20]. It has been referred as the second reciprocity theorem 25|, 


generalized reciprocity theorem, adjoint reciprocity theorem, lossless reciprocity theorem. 
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E. Modified mutual energy theorem in complex space 


The above are referred as the complex mutual energy theorem. The corresponding mod¬ 
ified complex mutual energy theorem is 


-\7■(EixH^ + E^'xHij-hdS = Ji-E^ + J^-E\— jooE^ -(e^ — e\)E\— juH^ -(/ 4 — (185) 



(EtxHZ+EZxH^-ndS = 



v 


(J v Ei+J--E 1 -j u E- 2 -(4-e 1 )E 1 -j u HiiX 2 - f , 1 )H 1 )dV 

(186) 


F. Modified mutual energy theorem in complex space with loss medium 

If the lossless condition does not satisfy. The mutual energy formula can not be written 
as the above simplified form. However we always can choose 


4 — e i 
A = El 


(187) 

(188) 


So that the Eq. 


are still true in the meaning of modified mutual energy theorem. We 


must keep in mind that Eq. (jl83M184[) are both the mutual energy theorem and the modified 
mutual energy theorem depending whether or not the medium i.e. the Eq . (ll56M157jl satisfy 
or not. Here usually one of media is in the real space for example /ii, the other e 2 are /x 2 
are in virtual space and it is effective only with mathematical meaning. In this situation we 
can free to choose their values^ The simplified form of the modified mutual energy theorem 
can be found in reference 


18 


20 ] in which is just called as modified mutual energy theorem. 


It is worth to see that the above (modified) mutual energy theorem is derived from 
modified Poynting theorem, time-offset, time-reversed, space-offset. 


IX. DERIVE THE THEOREMS IN FOURIER DOMAIN DIRECTLY 

In the last section we have derived the mutual energy theorem from complex Poynting 
theorem using the process of average. However that derivation is not strictly. Since actually 
we have only proved the real part of the theorem. The mutual energy theorem has image 
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part. We have not prove the image part of mutual energy theorem. In this section we will 
solve this problem. 


A. The modified reversed mutual energy theorem 

Assume £1 = [-Ed, # 1 , Ji, Ad, £>i,-Bi], £2 = [E 2 , H 2 , J 2 , K 2 , D 2 , B 2 \, £ = £1 + £ 2 , there is 
the total energy formula, 

-V • ((Ei + E 2 ) x (Hi + H 2 )) 


= (.Ji + J 2 )-(Ei + E 2 ) + (Ki + K 2 )-(Hi + H 2 ) + (Ei + E 2 )-ju(Di + D 2 ) + (Hi + H 2 )-ju(Bi + B 2 ) 

(189) 


And the self energy formula, 


— V • (Ei x Hi) = Ji ■ Ei + K\ ■ Hi + Ei ■ jooD\ + Hi ■ jujB\ (190) 


— V • (E ‘2 x H 2 ) — J 2 ■ E 2 + K r 2 • H 2 + E 2 ■ juD 2 + H 2 ■ juB 2 (191) 

Subtract the above two self energy formulas form the total energy formula, we obtain 


-V • (E 1 x H 2 + E 2 x Hi) 


— J\ ■ E 2 + J 2 ■ E\ + Ki ■ H 2 + I\ 2 ■ H\ + jui(E\ ■ D 2 + E 2 ■ Di + Hi ■ B 2 + H 2 ■ B 1 ) 


(192) 


Among the above formula we notice that 


Ei ■ D 2 + E 2 ■ Di —- Ei ■ e 2 E 2 + E 2 ■ eiEi 


— Ei ■ e 2 E 2 + -E\ ej 1 E 2 


= Ei ■ (e 2 + 6i)E 2 


(193) 


and 


Hi-B 2 + H 2 -Bi = Hi-(, i 2 + h\)H 2 


(194) 
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Hence if we choose 62 ( 0 ;) and / 12 ( 0 ;) satisfy 


€ 2 (k0 + ^1 (w) — 0, p 2 (w) + — 0 (195) 

There is 

—V • (Ei(u>) x // 2 (u;) + £2(0;) x H\{ui)) 


— Ji(w) • i? 2 (cj) + -Ei(cn) • </ 2 (w) + Ai(w) • H 2 (ui) + ■ A 2 ((n) (196) 

the integral form form can be written as 

- J {Etiu) x # 2 (w) + £? 2 (w) x Hi(u)) MS 
s 

= f (Jtiu) ■ E 2 (w) + £iM • J 2 (u;) + AbM • if 2 (w) + Hi(u) ■ K 2 (u)) dV (197) 
v 

The above two formula can be referred as the modified reversed mutual theorem. Define 


(6,6)™ = f (£iM X H 2 {u) + E 2 {u) x H^u)) MS (198) 

s 

(pi, 6)™ = J (JiM • E 2 {u) + Ki(u>) • H 2 (tu))dV (199) 

(6,P 2 )™ = f (E 1 (u) • J 2 (u) + H^u) • K 2 (u))dV (200) 

v 

Subscript “r” is used to express this inner product has not use any complex conjugate 
symbols. We have the reversed mutual energy theorem as following, 

(6, 6)™ + (Pi, 6)™ + (6, P 2 )™ = 0 ( 201 ) 


e 2 (ui) + e^(ui) — 0, p 2 (ki) + Pi'(ni) — 0 (202) 

In the history, the closed work related Eq. (119711 can be found in reference. (lo| or see Eq.()5i). 
In case e\ = e 2 = e, pi = p 2 = p, the word “modified” can be dropped. It becomes the 
reverse modified mutual energy theorem. The media condition is changed to 

e(cu) = —e T (ui), p(u;) = —p T (ta) (203) 
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That means the media is anti-symmetric. We do not clear whether or not this kind media 
exist in the nature, however if it exist, in this anti-symmetric media, the above reversed 
mutual energy theorem is established. Here we call it “reversed” is because this media 
is anti-symmetric. It is also used to distinguish it with the theorem will be discussed in 
following subsection. 

B. The modified mutual energy theorem 

Considering a conjugate transform for the time-reverse transform to all the variable with 
subscript “2” to the formula Eq. (11971) 


[E{u),H(u),J{u), K(u),e(u)),n(uj)\ = r[E r (u), H r (uj ), J r (u), K r (u),e r (uj), y. r {u)) 

= [E* r (u),H* r (u), j;(u),K;(u), ~e* r (u),~ri(u)] (204) 

There is 

-V • (Ei(w) x H*(uj) + E*(u) x Hi(u)) 


= Ji (u) ■ E; (u) + Ei (u) ■ j; {u) + K\ (u) ■ H* (u) + Hi (u) ■ K* (u) (205) 

or 

- J(E^u) x H;(u) + E;(oj) x H^u)) MS 
s 

= E*(uj) + E^co) ■ J*(6) + K^u) ■ H*(u) + H^oj) ■ K£(v)) dV (206) 

v 

The above can be referred as mutual theorem, or 

(6,6). + (/>L,6). + (6,^2). — 0 

where 

(6,6). = J (ElM X H*{cj) + E* 2 (u) x H^u)) MS (208) 

5 
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(pi,6) w = / (JiH ■ E* 2 (u) + K^u) ■ H* 2 (co))dV 


v 


(6,P2) w = / (Ei(co) ■ J 2 » + Hi(u) ■ I<* 2 (co))dV 

V 

The media equation becomes, 


e 2( a; ) + ef (w) — 0, —fj, 2 (uj) + Hi (uj) — 0 


(209) 

( 210 ) 


( 211 ) 


or 

e 2 (u;) = e\(u), /i 2 (w) = h\{u) (212) 

If ei = e 2 and //1 = /i 2 , the word “modified” can be dropped, the above theorem becomes 
modified mutual energy theorem. For the modified mutual energy theorem the media satisfy 

e(oj) = /i(u;) = A^O^) (213) 


whech is lossless media. Hence mutual energy theorem is established in lossless media. The 
above mutual energy theorem has been derived by this author in reference 18 20]. 

In case (j and one is retarded potential, and the other is advanced potential, the surface 
integral (£i,£ 2 )« = 0 , or 


J(Ei(oo) x H;(u) + E;(u) x H^u)) MS = 0 
s 

the proof can been seen from the Appendix 3 . In this case the mutual energy current will 
not go to the outside of the the surface. 

If there are N electromagnetic fields, the modified mutual energy theorem is 

((£i) £j)u + {Pil + (£»> Pj)v) — 0 (214) 

i=l,i=l 

C. The modified Lorenz reciprocity theorem 

Considering a conjugate transform corresponding to magnetic mirror transform Eq. fTf2|) 
to the above modified mutual energy theorem to all variable with subscript “2”, there is 

-V • (E^u) x (—1 )H 2 (u) + E 2 (u) x H^u)) 
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Mu>) ■ E,(l>) - Ei(w) ■ Mui) - ifiM • H 2 (l>) + H i(w) ■ K 2 (ui) 


(215) 


— € 2 ( 6 ^) + €^{ui) — 0 , — fi 2 (uS) + l^i ( w) — 0 (216) 

This is modified Lorenz reciprocity theorems. In case € 2 ( 0 ;) = ei(o;) = e ^ 2 ( 0 ;) = /ii(u;) = /i, 
hence 

e T (a;) = e (w), // T (w) = n{u) 

The “modified” can be dropped. It be comes Lorenz reciprocity theorem. Lorenz reciprocity 
theorem is established in symmetric media. 

J(E^lu) x H 2 (u) - E 2 {u) x H\{u)) dthdS 
s 


= j Mco) ■ E 2 (u) - E^u) • J 2 {u) - K^u) • H 2 (u) + H^u) • K 2 (u) dV = 0 (217) 

v 

In case £1 and ( 2 one is retarded potential and one is advanced potential, we knew from 
last subsection the surface integral (Ci,C 2 )w = 0. Assume £1 is retarded potential and C 2 IS 
advanced potential, since we have did a magnetic mirror transform to ( 2 , after the transform 
C 2 become retarded potential. Hence there is if and (■ 2 are all retarded potential there is 
the surface integral for reciprocity theorem 

J(Ei(uj) x H 2 (co) — E 2 (uj) x Hi{u)) dthdS = 0 (218) 

s 

D. The modified reversed reciprocity theorem 

After a reverse conjugate transform for subscript “2”. The above formula can be written 
as 


+ e^(o;) — 0, d*2i u ) + Ei{w) — 0 (219) 

and 


46 



-V • (-El 


- Ji(lo) ■ 


e* (u) - j;i 


h(u) x H*(uj) + E;(u) x H\ 


( 220 ) 


The corresponding integral form is 


-{E^u) x H;(u) - E;(co) x Hi(u)) MS 


= j (Ji(w) • E*{uj ) - J*(u;) • Ei(u) - Ki(u) ■ H*{u) + K*(u) ■ H^ui)) dV (221) 
v 

This can be referred as the reversed reciprocity theorem. In case e 2 (u;) = e\{uS) = e p 2 (u;) = 
Pi(a;) = /i, the word “modified” can be dropped, it becomes reversed reciprocity theorem. 
The media condition becomes 


e(u) = —e^(u), fi(u) = —pt(u u) (222) 

This kind media can be referred as anti-lossless media. Hence the reversed reciprocity 
theorem is established in anti-lossless media. 


E. The surface integral in the mutual energy theorem 

If both Ci and (2 are both transmitting fields or the retarded potential, in general 

(6,6)r^ 0 (223) 

Since, that means (£i,£ 2 )t are mutual energy current go through the surface. For example 
if Ci = <2 = C then 

OO 

(C ,0r= I f ( E(t + r)xH(t) + E(t)xH(t + r))ndS (224) 

S t =—00 

and 

F{(C, Or} = J(E(u) x H*(w) + E*{u) x H(u)) hdS 
s 

= 2 j Re{E(u) x H*(u)}ndS (225) 

s 
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E{uj) x H*(u >) is the Fourier domain Poynting vector, f s Re{E(u>) x ndS is the power 

flow out the surface which is not vanish in general. It is only vanish if the surface S is super 
conductor or magnetic super conductor wall. 

Hence there is 


(£,0*^ 0 (226) 
and hence, after a inverse Fourier transform, there is 

&0t = F- 1 {(Z,Z) u } ^ 0 (227) 

in general. If both of them £ 1; ( 2 are the field of retarded potential, the mutual energy 
current will have the same direction from inner side to the outside of the surface S, the 
surface integral is not vanish in general. 

In other hand if one of them is the field of retarded potential and the other is the field of 
advanced potential. For example p\ = [Ji, K{\ is the source and p 2 = [Jo, K 2 \ is sink. p\ and 
p 2 are inside the surface S. In this case, is retarded potential. £2 is advanced potential, 
there is 


(6,6)t = 0 (228) 

The proof can been seen in Appendix 3 of the reference [22]. In the proof where the Som- 
merfeld’s radiation condition has been applied. 

X. MUTUAL ENERGY THEOREMS IN TIME DOMAIN 

In the sectioi JIXl we has derived the mutual energy theorem directly from Fourier domain. 
The derivation has first derived the time-reversed mutual energy theorem from Poynting 
theorem. The time reversed transform is applied to derive the mutual energy theorem 
from time reversed mutual energy theorem. However time reversed transform need Maxwell 
equation to prove. This means actually we did not derive the mutual energy theorem from 
Poynting theorem but through time reversed transform, the Maxwell equation is involved. 
Hence we did not purely derived the mutual energy theorem from Poynting theorem. 

In this article the mutual energy of a electromagnetic field system is defined as the 
difference between the total energy (power) and the self energy (power). The mutual energy 
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is obtained from the idea that subtract the self energy from the total energy, the rest is 
the mutual energy. There is energy conservation theorem which is Poynting theorem. The 
Poynting theorem guarantees that the total energy and self energy are conservative. Hence 
the mutual energy should be also conservative. The mutual energy is conservative is referred 
as mutual energy theorem. The following offers the detail of the derivation of the mutual 
energy theorem. 

A. The instantaneous-time mutual energy theorem 


Assume Ci = [E \, Hi, Ji, K\, D i, B\] and ( 2 = [E2, H 2 , J 2l K 2 , D 2l B 2 ) are electromagnetic 
fields, which can be retarded potential, advanced potential, time-offset or space-offset. Let 
( = Ci + (2 be superimposing electromagnetic held. Assume that (j, C 2 satisfy Maxwell 
equation Eq. lfTH EH and Eq.lPEl [32]) • Hence £ 1 , (2 satisfy the modified Poynting theorem 
Eq. (ll23p . that means, 

- V • {Ei x Hi) = Ji-Ei + Ki -Hi + Ei- dD 1 + Hi ■ dB l (229) 

— V ■ ( E 2 x H 2 ) = J 2 ■ E 2 + K 2 • H 2 + E 2 ■ dD 2 + H 2 ■ dB 2 (230) 

Then the superimposing electromagnetic held also satishes the modified Poynting theorem 

Eq. (|123|) . 


-V-((Ei + E 2 ) x (Hi + H 2 )) 

= (Ji + J 2 ) • ( Ei + E 2 ) + (Ki + K 2 ) ■ (Hi + H 2 ) + {Ei + E 2 )- D(Di + D 2 ) + (Hi + H 2 ) ■ 3(B l + B 2 ) 

(231) 


Eq. (1231 j) tell us the total energy should be conservative. Eq. (l229ll230p tell us the self en¬ 
ergy is conservative. Subtract the self energy from the total energy we can obtained the 
mutual energy. The mutual energy should be also conservative. Subtract Eq. (I229II230P from 
Eq. (l23ip . there is, 


—V • (E\ x H 2 + E 2 x H 1 ) 


= Ji • E 2 + J 2 ■ Ei + Ki ■ H 2 + K 2 -Hi + Ei- dD 2 + E 2 ■ 3D 1 + H x ■ 3B 2 + H 2 ■ 3B X (232) 
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The corresponding integral form of the above formula is 


J(E 1 xH 2 + E 2 x H x ) ■ hdS 
s 


= j (J 1 -E 2 + J 2 -E 1 + K 1 -H 2 + K 2 -H 1 + E 1 -dD 2 + E 2 -dD 1 + H 1 -dB 2 + H 2 -dB 1 )dV (233) 
v 

V is volume, S is the boundary surface of V. S = dV. Where n is norm vector of the 
surface S. The above Eq. (l232ll233p are referred as the mutual energy theorem. Same as 
Poynting theorem, if the medial Eq. (l25ll26p . The above formula Eq (j233p is referred as the 
mutual energy theorem. If the medial Eq. (l32ll33p is satisfies, Eq (j233p is referred as modified 
mutual energy theorem. 

Eq fl233p is too long. Inner product will be defined to shorten the formula. 

B. Inner product of two electromagnetic systems in spatial-temporal domain 

Assume & = [£)(£), Hit)], rji = [A (A A(£)], pi = [Ji{t), Ki(t)\, i = 1,2. A inner product 
on the surface can be defined as following 


(6 (*),&(*)) = f x H 2 (t) + E 2 (t) x Hi(t)) ndS (234) 

s 

In the same way we can also define 

(Pi (*),&(*)) = J{Ji(t)-E 2 (t) + K 1 {t)-H 2 (t))dV (235) 

v 

(€i(t),drf2(t)) = J(Ei ■ 3D 2 + Hi • 8B 2 ) dV (236) 

v 

The mutual energy theorem can be rewritten as following, 

— ( 6 A 2 ) = (pi; ^ 2 ) + (£i,p 2 ) + (£i> dr) 2 ) + (<9pi,£ 2 ) (237) 

or 

(A £ 2 ) + (pi,£ 2 ) + (AP 2 ) + (£1 ,dp 2 ) + (dr)i,£ 2 ) = 0 (238) 


The above formula tell us the summation of the mutual energy current flow out the surface 
S: (A £ 2)5 the mutual energy loss contributed from the source p\,p 2 '- {pi ,£ 2 ) + (AP 2 ) and 
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the mutual energy loss in the space: (Ci,<9r? 2 ) + (dry, £ 2 ) are zero. The above formula is 
instantaneous mutual energy theorem. 

In case the superimposition electromagnetic field contains N electromagnetic fields, the 
above instantaneous mutual energy theorem can be written as 

((Co Cj) + {Pii Cj) + (Co Pj ) + (Co diy) + (drii^j)) = 0 (239) 

i=l,i=l 

C. The modified time-correlated mutual energy theorem 

Considering if we use Cir = t£i to replace Ci, since after the time-offset transform, Cir 
still satisfies the Maxwell equation, and hence the satisfies the modified Poynting theorem 
and the modified mutual energy theorem, hence there is 

(Ci (t + t )j S(^)) + (Pi(t + r), £ 2 (t)) + (Ci (t + r),p 2 (t)) 

+ (Ci(^ T t), d t r] 2 (t)) + (d t+T r]i(t + r), C ^(t)) = 0 (240) 

taking the integral to the above formula to the variable t, there is 

OO 

J ((Ci(^ + ^),6W) + (pi(t + T),&(t)) + (£(t + r),p 2 (t)) 

t ——OO 

+ (Ci (t + T ), d t r] 2 {t)) + (dt+r^it + T),£ 2 (t))) dt = 0 (241) 

In the Appendix 1 it is proven that if the media satisfies 

= e 2 (w), p{(u) = // 2 M (242) 

or after a inverse Fourier transform A” 1 !#} = exp (jut) • dt the media satisfies, 

4 (-*) = e 2 (f), pf(-t)=p 2 (t) 

The last 2 items of Eq. (12411) disappear i.e., 

OO 

J (£i(t + r),d t ri 2 (t)) + (d t+T r] 1 (t + T),{ >2 (t))dt = 0 (243) 

t =—OO 

Hence there is 
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J (6(Hr),6(t)) + (pi(t + T),&(t)) + (Ci(t + T),p 2 (t))dt = 0 (244) 

— OO 

This is referred as the modified time-correlation mutual energy theorem. In case 62 (w) = 
ei(o;) = e(u;), there is 

e^(o;) = e(w), p\u) = /i(u;) (245) 

or after a inverse Fourier transform 


e T (-t) = e(t) p T (~t) = fi(t) 


This means the media must be symmetry with time t. 
Define new inner product in spatial-temporal space 


(246) 


OO 


(6,6)r= J ((£i(t + T),£(t))dt 

t=— 00 

00 

n 

(247) 

(Pl,6)r= j (Pl(t + T),£(t))dt 

t =—OO 

OO 

f* 

(248) 

(tl,p2)r= j (£l(t),p* 2 (t + T))dt 

(249) 


t= — OO 


The modihed time-correlation mutual energy theorem can be written as, 


(£l> &)t + (pi, £2 )r + (£lj ?2)t ~ 0 


(250) 


Perhaps you will argue the field variable Ci(^) C 2 {t) are real variable, why the above 
define the inner product here with complex conjugate symbol inside? The reason is in 
following subsection we need to make a Fourier transform of above formula that also need 
this conjugate symbol. 

I 11 case the media satisfies Eq. f[251 1251) . the modihed time-correlation mutual energy the¬ 


orem becomes the time-correlation mutual energy theorem. The word of “modihed” is 

n 

dropped. It also be referred as time-correlation reciprocity theorem in reference 21J. The 
above modihed time-correlation mutual energy theorem can be written as following, 


/ 


OO 



(Fd(f + r) x H%(t) + E* 2 {t) xH^t + r)) dthdS 


S t=— 00 
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+ J j («/i(£ + t) • E 2 (t)-\- K\(t-\-T) ■ H 2 (fj + P2^) “I - -Ei^ + t) ■ p^if) + Hi{t-\-T) ■ K 2 (ty) dtdV 

V t=—oo 

= 0 (251) 

In the above formula the conjugate symbol can be dropped since Ci(t) and (2 CO is a 
real variable, however we put “*” there the formula is still correct. It will used in next 
subsection. 

If there are N electromagnetic fields, the modified time-correlation mutual energy theorem 
is 

J2 ((&> &T + (, Pi , Qr + (£i, Pj) t) = 0 (252) 

i=lj=l 

XI. MUTUAL ENERGY THEOREMS IN FOURIER DOMAIN 

A. The modified complex mutual energy theorem 

Considering F{»} = exp(—just) • dt is Fourier transform, we have 

(6,6)c = F{(6,6)r} 


= / (E i(w) x H*(u) + e;(u) x Hi(uj)) ■ hdS 


(253) 


Please see the Appendix 1 for definition of F{«} and the details of calculation. 

{Pht, 2 )u = F{(pi, £2)1-} 


= / (JiH • E* 2 (u) + K^u) • H*{u)) dV 


v 


(€l,P 2 )u = F{(£l, P‘ 2 ,1 )t} 


= J (Ei(u) ■ J*(cu) + Hi{u) ■ K*(oj )) dV 
v 

the corresponding to frequency theorem is 


(254) 


(255) 


(£l> £2)w + (Pl, £2)0; + (£l, P 2 )u ~ 0 


(256) 
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or 


J (E^u) x h;(lj) + E* 2 (u ) x 74 (w)) • hdS 
s 

+ J (Ji(w) • £*(4) + ^(w) • J*(u;) + 74 M • H*{u) + ifi(w)AT*(a;)) dC 

v 

= 0 

Where the media have to meet the condition, 

A M = e 2 M, hi M = h2 M 

This formula has been referred the modihed complex mutual energy theorem 
author. In the reference 1814201]. This author has obtained the modihed complex mutual 


(257) 


(258) 


18 


20| by this 


energy theorem from modihed reciprocity theorem through a conjugate transform. Conju¬ 
gate transform is the magnetic mirror transform in Fourier domain, see sub-section 2.5. In 
this article, the above complex mutual energy theorem is re-obtained through the modihed 
Poynting theorem and the concept of mutual energy. 

If the <4 and <4 are in the same media 


e(u) = ei(cu) = e 2 (u) h(v) = ^(u) = /j, 2 (u) 


There is 


= e(u>), /4(w) =/i(ca) 


td.d ~ 


(259) 


(260) 


This is referred as lossless media. In lossless media the corresponding theorem is referred as 
the complex mutual energy theorem. The word “modihed” can be dropped, if (cu) = e 2 (u) 
and /ii (u) = fj, 2 (u). The complex mutual energy theorem has been rediscovered later and is 


referred as the second reciprocity theorem 


25] 


If there are N electromagnetic helds, the corresponding mutual energy theorem, 

((6) €j)u + (pii £j)u> + (6) Pj)w) — o 

*= 15=1 


(261) 


B. The surface integral in the mutual energy theorem 


If both 4 and £2 are both retarded potential, in general 


(6,6)t 4 0 


(262) 
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Since, that means (£i,£ 2 ) r are mutual energy current go through the surface. For example 

if Ci = C2 = C then 


and 


(£,£) T = / / (E(t + r) xH(t) + E(t) xH(t + r))hdS 


S t =—00 


(263) 


F{(£, £) r } = f (E(u) x H*{u) + E*(u) x H(u)) hdS 
s 

= 2 J Re{E(uj) x H*(uj)}hdS (264) 

s 

E{pj) x H*(uj) is the Fourier domain Poynting vector, f s Re{E(u>) x ndS is the power 

flow out the surface which is not vanish in general. It is only vanish if the surface S is super 
conductor or magnetic super conductor wall. 

Hence there is 


(C,O^ 0 (265) 

and hence, after a inverse Fourier transform, there is 

(U)r = F~ 1 {(UU^0 (266) 

in general. If both of them Ci, C2 ar e the field of retarded potential, the mutual energy 
current will have the same direction from inner side to the outside of the surface S, the 
surface integral is not vanish in general. 

In other hand if one of them is the held of retarded potential and the other is the field of 
advanced potential. For example p\ = [R, K x \ is the source and p 2 = [-h, K 2 \ is sink. p x and 
p 2 are inside the surface S. In this case, £1 is retarded potential. £ 2 is advanced potential, 
there is 


(Ci ) £ 2 )t = 0 (267) 

The proof can been seen in Appendix 3. In the proof where the Sommerfeld’s radiation 
condition has been applied. 
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XII. RECIPROCITY THEOREMS 


In this section we assume the mutual energy theorem is known but the reciprocity theorem 
is unknown. We derive the reciprocity theorem from the mutual energy theorem. This way 
we show that the reciprocity theorem actually is a sub-theorem of mutual energy theorem. 
Actually is it is a special situation of the mutual energy theorem. 

A. Time convolution reciprocity theorem 

In above mutual energy theorems, £i and ( 2 can be retarded potential or advanced po¬ 
tential or even the combination of retarded potential and advanced potential. In a special 
situation where Ci and ( 2 one is retarded potential and the other one is advanced potential. 
Assume Ci is the retarded potential, (2 is the advanced potential . From the above case we 
have know in mutual energy theorem the surface integral vanish on the infinite sphere S. 

(6,6)r = 0 (268) 

or 

00 

J (Ei(t + r) x H 2 (t) + E 2 (t) x Hi(t + r) dthdS = 0 

S t =—00 

Hence according the time correlation mutual energy theorem Eq (l250p . there is 

(Pi,6)t + (6,P2)t = 0 (270) 



(269) 


or 


OO 



(Ji(t+T)-E 2 (t) + E 1 (t+T)-J 2 (t) + K 1 (t+T)-H 2 (t) + Hi(t+T)-K 2 {t) dtdV = 0 (271) 


V -00 

Since we know £ 2 is advanced potential, hence C /12 = h ( 2 become retarded potential. Here h 
is magnetic mirror transform defined in Eq. (147)1 . Hence ( 2 = h(h 2 , or 


[E 2 (t), H 2 {t ), J 2 (t), K 2 (t), e 2 {t),^L 2 (t)} 


— [Eh 2 {—t),—H h 2 (—t),—J h 2 (—t),K h 2 (—t),eh 2 (—t),fi h 2 (—t)\ (272) 
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is 



(E 1 (t + t) x (-l)H h2 (-t) + E h2 (-t ) x Hi(t + r)) dtndS = 0 (273) 


S t =—oo 


and 


OO 

J j (Ji{t+ / T)-Eh2(—t)-\-(—l)Jh 2 (—t)-Ei(t+T)+Ki(t-\-T)-(—l)Hf l2 (—t)+Kf l2 (—t)-Hi(t+T) dt dV 

V —oo 


= 0 


(274) 


or in the above integral substitute t' = —t 


OO 

J J (Ei(—t' + r) x {—l)H h2 (t') + E h2 (t') x + r)) dt' ndS = 0 

5 t '=—oo 


(275) 


and 


OO 

J J {Ji{~ t 1 + r ) • Eh 2 (t') + (—1) Jh2{t') ■ Ei(—t' + r) 

V t' = — OO 


+ Ad(-t' + r) • (—l)AT /i2 (t) + Ju 2 (t') • + r) dt' dV = 0 (276) 

using t to replace t 1 , there is 


and 



(—Ei(r - t) x f7 ft2 (f) + ^(f) x H 1 (t - t)) dtndS = 0 


S t '=—oo 


(277) 


OO 

J f (Ji(r - t) • A h2 (t) - J h2 (f) • E 1 (t -t)- K\(t - t ) • tf^t) + Ix h2 (t) • #i(r - f) dtdV 

V t '=—oo 


= 0 


(278) 


The media formula 


ef (“*) = e a(t), /if (~t) = to® 


(279) 
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after the substitution Eq. f|272p become 


£1 (~t) = e h 2 (~t), nl(-t) = /ifi 2 ( 


(280) 


or 

el(t) = e h 2 (t), nl(t) = fi h 2 (t ) (281) 

Considering ( h2 is retarded potential. We can take the subscript u h” and keep in mind that 
C 2 is the retarded potential, there is, 


and 



t) xH 2 (t) + E 2 (t) x Hi(t 


t )) dtndS 


0 


(282) 



( Ji (r - 1 ) • E 2 (;t) — E\{r — t)- J 2 (t) - K^t- t ) • H 2 (t ) + H,(r - 1 ) • K 2 (t) dtdV = 0 (283) 

V —oo 

In the above formula the item of the surface integral is zero is only correct for this case 
where and ( 2 are all retarded potential (or all are advanced potential). In general case 
the surface integral are not zero. Hence in the above formula the surface integral is still put 
there. The media should satisfy 


(%{t) = e 2 (t), nl(t) = n 2 (t) 


(284) 


The above last second formula can be rewritten as 



( Ji(t - t ) ■ E 2 (t) - Ki (r - t) ■ H 2 (t )) dtdV 


V —oo 



(J 2 (r) • Ei(t — t) — K 2 (t) ■ H\(t - t)) dtdV 


V — oo 


(285) 


In the above formula we keep in mind that both Ci C 2 are all retarded potential. This is 


the modihed convolution reciprocity theorem[ 7 . Il3j] . In the modified convolution reciprocity 
theorem, the media can be arbitrary, it does not need to be symmetry. However if the media 
is symmetry, We can choose ei = e 2 = e, fi\ = ji 2 = fi, 


e T (t) = e(t), n T {t) = n(t) 


(286) 
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In this situation, “modified” can be dropped. So the modified convolution reciprocity be¬ 
comes the convolution reciprocity theorem. 


B. Lorenz reciprocity theorem 

Assume A and (2 are retarded potential. Considering the Fourier transform of the above 
time-convolution reciprocity theorem, there is 


J(—Ei(u>) x H 2 (uj) + E 2 (uj) x dthdS-\- 

s 


(AM • E 2 (u) - Ei(u) ■ J 2 {uj) - /CM • Ho(u) + Hi(uj) ■ K 2 (uj) dV = 0 (287) 


in case , Ci and ( 2 are retarded potential, there is 


(— Ei(uj) x H 2 {u) + E 2 {u) x Hiioj)) dthdS = 0 


(288) 


The above last second formula can be rewritten as 


(AM • e 2 m - k 1 M ■ h 2 {u)) dV 


V 


= I (AM • Ei{u) - ■ K 2 (u)) dV 

v 

After the Fourier transform the media condition become, 


(289) 


efM = e 2 (w), ytlfM = /i 2 (w) 


(290) 


This is the modified reciprocity theorem 16]. In case choose 61 = 62 = e, fii — fi 2 — fx, and 
hence have, 


e T (u;) = e(o;), /n T (w) = (291) 

The “modified” can be dropped, it become the reciprocity theorem, or the Lorentz reciprocity 
theorem jh]. Lorenz reciprocity theorem can be obtained also thorough conjugate transform 
from the Fourier domain mutual energy theorem. 
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According to the above discussion the Lorentz reciprocity theorem, and time-convolution 
reciprocity theorem are a special case of the mutual energy theorem where the two electro¬ 
magnetic fields one is the retarded potential and the other one is the advanced potential. 

In the Lore n z reciprocity theorem and convolution reciprocity theorem the two fields are 
both retarded potentials, even originally one is retarded potential and another is advanced 
potential in the time-correlation mutual energy theorem or complex mutual energy theorem. 
The concept reaction^ is a special mutual energy (power) where two fields are in opposite, 
one is retarded potential the other one is the advanced potential. 

C. The relationship of Poynting theorem, mutual energy theorem and reciprocity 
theorem 

Even the modified complex mutual energy theorem and modified Lorenz reciprocity the¬ 
orem can be derived from each other through a conjugate transform, the modified time- 
correlation mutual energy theorem and time-convolution reciprocity theorem can be derived 
through a magnetic mirrored transform, they are still independent theorems. The reason 
is that the mirror transform and conjugate transform are not mathematical equation, it 
is physical equation which contains some information coming from the Maxwell equation. 
When conjugate transform or mirror transform is applied in a derivation, it is same as the 
Maxwell equation is used again. 

If we drop out the word “modified”, The complex mutual energy theorem and the Lorenz 
reciprocity theorem are thoroughly different theorems, the complex mutual energy theorem is 
established in losseless media and the Lorenz reciprocity theorem is established in symmetry 
media. They are suitable in different situation and are different theorems. 

However even the word “modified” is dropped, the time-correlation mutual energy theo¬ 
rem and the complex mutual energy theorem can be derived from Poynting theorem. This 
can be proved exactly following the derivation of this article but do not use the word “mod¬ 
ified” . Hence time-correlation mutual energy theorem and complex mutual energy theorem 
are really a sub-theorem of Poynting theorem. From this point of view, time-correlation 
mutual energy theorem and complex mutual energy theorem (with and without “modified”) 
are much closer related to the Poynting theorem than the convolution reciprocity theorem 
and the Lorenz reciprocity theorem. 
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Time-correlation mutual energy theorem and complex mutual energy theorem can be 
easily extended to the situation there is N fields. In principle, the reciprocity theorem can 
do the same, however if it is done, there will be too many minus and positive sign in the 
extended theorem which will confuse all of us. 

XIII. THE APPLICATION OF MUTUAL ENERGY THEOREM 

A. Inner product 

The 3 inner product (£i,£2), (£i,£ 2 )t=o, (£i,£2)w have been defined in Eq. 023412471 and 
[253]). it should be remarkable these are not just a notation for simplification. These 3 inner 
products are the real inner products. It can be proved that these inner products satisfy the 
inner product standard 3 conditions as following, if the electromagnetic fields £1 and £2 are 
all retarded potential, there are 

1. Positive-definiteness: 

(£,£)^0 (£,£) = 0 i// £ = 0 (292) 

2. Conjugate symmetry: 

(£i,£ 2 ) = (£ 2 , £ 1 )* (293) 

or if (£ 2 ,£i) is real, 

(£i,£ 2 ) = (£ 2 ,£i) (294) 

3. Linearity: 

(a£i + 6£ 2) £ 3 ) — a(£i,£ 3 ) + 6(£ 2 , £ 3 ) (295) 

Where a and b are any constant. Here (£ 1 , £ 2 ) represent all the 3 inner products (£ 1 , £ 2 ), 
(£i,£ 2 )t=o and (£i,£ 2 ) w - 

With the inner product, the norm can be defined as 


lien = vTT (296) 

Using the inner product, the mutual energy theorem in the Fourier domain and in time 
domain has nearly same formula, the only difference is the subscript of u or r. 
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It is worth to notice that (£ 1 , ^)r does not satisfy the above standard inner product 
conditions. 

OO 

(6, 6)r = ( f (M* + r ) x H 2 (t) + *%(t) X H x (t + r)) dthdS 

S t=— oo 

OO 

J (£1 (If) x tf 2 * (f' - t) + E* (t' *- r) x if! (f')) dt MS 

S t=— oo 
oo 

J (. E* 2 {t ' - r) x + £i(f') x #*(£' - r)) dtMS 

S t=— oo 
oo 

= (J J (E 2 (t'-r) x #*(£') + £*(£') x H 2 (1? -T))dtndS)* 

S t=— oo 

= (6,6)- t 

However if let r = 0, the above formula means that 

(£l,6)r=0=(6,£l);=0 

Hence (£i,£ 2 )t=o is a good inner product. 

B. Applied the mutual energy theorem to the wave expansion 

Assume £ = (E, H, J, Jl, e, yu) is a held of retarded potential. £ is in spatial-temporal do¬ 
main or in Fourier domain. Choose that £* = (Ei , Eli, Ji , Ki, £i, Ah) as also retarded potential. 
£i is at the same domain as £. % — 0,1, • • • oo. It can be taken that ei(u) = eo (uj) = e* (cu), 
= Hq(oj) = in complex space, or time space 6j(r) = eo(r) = e T (—r), 

yUj(r) = yU 0 (r) = /j t (— r). Here e 0 and /i 0 are not the permittivity and permeability in 
empty space, instead, they are permittivity and permeability of the electromagnetic held Q 
when i = 0. Hence there is Q = [E i: Hi, Ji, Hi, e 0 , yU 0 ], In the following the inner product 
(£, £j) also means ether in time domain which is (£, £i) T =o or in Fourier domain which is 
If can be in complex space or in spatial-temporal space. If there is any method the 
electromagnetic held £ can be written as a expansion form 

OO 

£ = (299) 

i =0 


(297) 

(298) 
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Where £ = [E(x,t),H{x,t)\ or £ = [E(x, u), H(x, a;)], here x = [x\ 1 X 2 ,xf\ is a space 
variable which is often does not write out. x can be express according other coordinates for 
example spherical coordinates, a* is expansion coefficients which need to be found in the 
following. 

£i(x, u) = Ri(r)Y mm (9 , <j>) (300) 

(?’, 9, (f>) are spherical coordinates, Y nm (9, <f) is a orthogonal function on the for 6 and (j> 
variable. R n (r) is a orthogonal variable alone the variable r, and (r, 9, <f) is the spherical 
coordinates. The index i = [l,m,n\. 

£i(z, t) = Ri(r)Y mn (9,4>)$k{t) (301) 

where <?*,(£) is the Fourier series, 

. , . 2/c7rt 

&k(t) = exp (302) 

The Fourier series is expansion in the region — y < t < In the numerical calculation for 
the time variable a fixed number is used to replace — oo <t< oo. The index i = [/, m, n, k]. 
Assume £j is with the property of normalized orthogonality, 

(£ij £?) &ij 

where (£;,£-,) means (£i,£j)r=o or (£*,£_,-) w and 

[ 1 if i = j 

5a = 

[ 0 if i^j 

considering Eq. (l299p with 1303]) . there is 

(£,£*) = <H (305) 

where from the modified mutual energy theorem Eq. (12501 or 12561) we know that 

(£,£<) = -(p, 6 )-(£,/*) (306) 

or the expansion can be written as 

OO 

£ = + (307) 

i=0 


(303) 


(304) 
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In general if both £ and 6 are both retarded potential or both are advanced potential the 
inner product does not disappear. Hence the electromagnetic held £ can be expanded as 
It is worth to see the above expansion can be done in Fourier domain and also in time 
domain. The medial e(u),n(uj) can be arbitrary. e(ca),/i(ta) do not need to be lossless, 
because e 0 ,/i 0 can always be chosen so to satisfy Eq. (l258p even with loss media e(u),n(u). 

The spherica 


in reference 


18 


wave expansion and plane wave expansion in Fourier domain can be found 


20]. Where the modified mutual energy theorem is applied in Fourier do¬ 


main. In this article the expansion method has been extended to the time domain. Similar 


discussions about the wave expansion can be found also in reference 


23 


24], 


C. One example of mutual energy theorem 

Assume there are electromagnetic held systems A,6 and £ 3 are known. Assume, 6,6 are 
retarded potential, 6 is an advanced potential. Please find out the mutual energy current 
radiate to the outside of the infinite sphere S. 

Solution: the all mutual energy current radiate to the out of the surface S is 

ESiSte.y 

Since £ 3 is advanced potential, and 6 and 6 are retarded potential, there is 

(6,6) = 0, (6,6) = 0 (308) 

The mutual energy current radiate to the outside of the surface S is 

3 

( 6 , 6 ) = ( 6 , 6 ) + ( 6 , 6 ) + ( 6 , 6 ) 

i=lj=l 

= (6,6) = -((pi,6) + (6,p 2 )) (309) 

In the last step the mutual energy theorem for 6 and 6 has been applied. 6 and 6 are 
retarded potential, (6,6) 7^ 0- Finished. 

In this case the result is only the mutual energy current of 6 and 6 which have the 
contribution to the energy current going to the outside of the surface S. 


XIV. COMPLEMENTARY THEOREMS 


Chen-To Tai has derived the complementary reciprocity theorem 


. We have obtained 4 


theorems 2 mutual energy theorem and 2 reciprocity theorem. We apply the electromagnetic 
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field swapping transform 


0 = < = [ZH, if?, ~K } -ZJ , -Z 2 e\ 

to the 4 theorem, 4 complementary theorems can be obtained, among them one is the Chen- 
to Ta’s complementary theorem. Consider swapping transform for the following 4 theorems 

A. Corresponding to Lorenz reciprocity theorem 

J (E^u) x H 2 (u) - E 2 {u) x Hi(u)) dthdS 
s 

= f (JiH • E 2 {uj) - E^u) ■ J 2 {u) - K^u) • H 2 (u) + Hi(u) ■ K 2 {u) dV (310) 
v 

ei(u) = e 2 (uj), /hM = li 2 (w) (311) 

C* = s{= [ZH , if?, -i K,-ZJ, —ijl, —Z 2 e\ 

The corresponding theorem is 

J (Ei(u) x i E 2 (u) - ZH 2 (u ) x ffi(ta)) dthdS 
s 

= f (Ji(u) ■ ZH 2 (u) — Ei(uj) ■ (—^K 2 (u)) — Ki(u) ■ ^E 2 {u) + Hi(u) ■ {—ZJ 2 (u)) dV (312) 
v 
or 

J (Ei(u>) x E 2 (u) - Z 2 H 2 {u) x Hi(u)) dthdS 
s 

= f (Z 2 J 1 (u) • H 2 (u>) + Ei{u) • K 2 {u) - K\(u) ■ E 2 (lo) - Z 2 H x (u:) ■ J 2 (u)) dV (313) 
v 

= Mi (u) =-Z 2 el(u) (314) 
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This is complementary reciprocity of Chen-To Ta. In the above derivation we have applied 
the concept of “modified”, if take the “modified” away, there is, 


M) = l-M ) = -Z 2 e T (u) (315) 

This media can not be realized in empty space. 

B. Corresponding to reverse reciprocity theorem 

J (Ei(u) x h;(u) - e;(u) x Hi(u)) MS 
s 

= J(JM) ■ E* 2 {u) - J*(u) ■ Ei(ui) - Ki(u) ■ H* 2 {u) + K*(u) ■ HM)) dV 

v 

eiM = -4(w), \x x (w) = ~n\(u) 

J {EM) x ^E;(u) - ZH*{u) x Hi(lo)) MS 
s 

= [{JM) ■ ZH* 2 {u) + %KM) ■ EM) - KM) • \ E*(u) - ZJ*{u) • HM)) dV (318) 
J z z 

V 


J {EM) x E* 2 { u) - Z 2 H 2 {u) x HM)) MS 
s 


= j ( Z 2 JM ) ■ H 2 {u) + K*(u) ■ EM) ~ K i' 

V 

(w) • EM) ~ Z ' 2 JM) ' Hi M) dv 

(319) 

eM) = 7^/4 M, 

V>M) = Z 2 e\{u) 

(320) 

if the word “modified” is taken away, there is 



M) = 

n(u) = Z 2 e\u) 

(321) 

This media can be realized in empty space. 




(316) 

(317) 
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C. Corresponding to reverse mutual energy theorem 


- J (Ei(u) x H 2 (u) + E 2 (u) x Hi{u)) MS 
s 

J■ E 2 (u) + Ei{u) • J 2 (uj) + K\(lu) • H 2 (u) + H^co) ■ K 2 (u)) dV (322) 
v 

€i(uj) = -63 (w), /hM = -/kfM (323) 


- J(Ei(u) x (if^M) + ZH 2 {u) x tfi(w)) ndS 1 
5 

= |(J 1 (w)-Zi/ 2 (a;) + J E;i(a;)-(-|^ 2 (a;))+JM(a;)-iE 2 (a;) + i/ 1 M-(-ZJ 2 (a;))(il/ (324) 
v 

after the transform it becomes, 


- J (£i(w) x £ 2 (<n) + Z 2 H 2 (uS) x Fi(o;)) rzrf-S’ 
s 

= J ( Z 2 J 1 (u) ■ H 2 {u) - Ei(u) ■ K 2 {u) + Ii\(u) ■ E 2 (lu) - Z 2 H 1 {uj) ■ J 2 (u)) dV (325) 
v 

eiM = ^/hTM, Mi(w) = Z 2 e 2 (u) (326) 

if the “modified” is taken away, there is 

eM = hM = z ' 2 e T (uj) (327) 

This kind of media can be realized in empty space. 


D. Corresponding to mutual energy theorem 


- J {Ei (ca) x H*(u) + E*(lu) x H^u)) MS 
s 

J ( Ji(cu ) • E* 2 (uj ) + ^(w) • J 2 (w) + A'i(o;) • iJ£(w) + ifi(w) • K£(uj)) dV (328) 
v 
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e 2 (uj) = e\ (w), 


H 2 (uj) = fi\(u) 


(329) 


after transform, it becomes 

Cs = s(= [ ZH , -zj, — Z 2 e] 

- J (E^u) x x ifi(w)) MS 

s 

= f {J 1 {u)-ZH*{u) + E l {u)\~)Kl{u)+K l {u)~El{u) + H l {u)-^Z)r 2 {u))dV (330) 

v 

or 


- J(Ei(u) x E;(uj) + Z 2 H;{u) x Hi{u)) MS 
s 

= j ( Z 2 Ji(co) ■ H;(co) - Ei(u>) ■ K%(uj) + K\(u) ■ E;(co) - Z 2 H i(w) • J 2 (a;)) dV (331) 

v 

ei(uj) = ( 332 ) 

If the “modified” is taken away, there is 

eM = li(u) = —Z 2 ^ (333) 

This media can not realized in empty space. 

If inverse Fourier transform is made, we can obtained the 4 corresponding time domain 
mutual energy or reciprocity theorems. 


XV. CONCLUSION 

The modified Poynting theorem is introduced, so it functions for the superimposition of 
the electromagnetic fields which includes retarded potential, mirrored held of the retarded 
potential which is a held of advanced potential and time-offset electromagnetic helds. Each 
hclds can also be in a different media. 

The concept of the mutual energy is introduced, which is the difference between the 
total energy and self-energy. Using the concept of the mutual energy a few mutual energy 
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theorems are derived from the modified Poynting theorem. The mutual energy theorems 
introduced in this article includes, 

1) The instantaneous-time mutual energy theorem. 

2) The time-reversed mutual energy theorem. 

3) Mixed mutual energy theorem. 

4) The time-correlation reciprocity theorem is re-derived from the above instantaneous- 
time mutual energy theorem. Hence it can be referred as time-correlation mutual energy 
theorem too. 

5) The mutual energy theorem in Fourier domain is re-derived from Poynting theorem in 
Fourier domain and time domain 

6) The Lorenz reciprocity theorem is re-derived as a special case of the mutual energy 
theorem, where the electromagnetic fields are opposite, one is retarded potential and the 
other is mirrored held of retarded potential which is advanced potential. The concept of 
the reaction is also explained as a special mutual energy where two held one is retarded 
potential one is advanced potential. 

7) We also extended the mutual energy theorem to the case there are N electromagnetic 
holds instead of only 2. Since the use of inner product, the formula for N electromagnetic 
fields is very simple and easy to understand. 

8) the 3 additional complementary theorems are derived. 

This article has built a bridge between the Poynting theorem and the reciprocity theorem. 
This bridge is mutual energy theorem. 

Appendix 1 

Assume f(t) and g(t ) is real function, and f(uj) = F{f(t.)}, g(u) = F{g(t)} 

OO 

F{ J f(t + r) g(t)dt} = f(u)(g(u))* (334) 

t=—oc 


Appendix 2 

Prove the formula 
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oo 

J (6(t),^(Hr)) + (Ci(t + T),d t r]2(t))dt = 0 (335) 

t ——OO 

In case there is 

4M - e iH = 0, /4>M - hiM = 0 (336) 

Do the Fourier transform F{»} to the above formula, 


F i J (6(4%tJ|i(Ht)) + (Ci(t + r),dr} 2 (t))dt} 

t =—OO 


= F{ j J ( E 2 (t ) • + r) + £?,(* + r) ■ dD 2 (f) 

V t=—oo 

+ tf 2 (£) • <9 t+r Hi(f + r) + H x (t + r) • dB 2 (t)) dtdV} (337) 


Let U = d t Di (t) 


F{ J (E^-dt+rD^t + T^dt} 

t= — OO 

OO 

= F{ j ( E 2 (t)-U(t + r))dt} 

t=— OO 

= EZ(lu)U(lo) (338) 

Where 

OO 

U(u) = F{U} = F{d t D 1 {t)} = {d t f g(f - ^E^dr} = -jue^E^u) (339) 


or 


U*(u) = (-jco)*e* 2 (co)E* 2 (co) 


Hence the Eg. (j337[) becomes 

= J (£ 2 *M • (-jw)ei(u)Ei(u) + Ei(w) ■ (-juj)*e* 2 (uj)E*(uj) 

v 

+H*(uj) ■ (—juj)fii(u})Hi(u}) + H^u) ■ (-juj)*e* 2 (u)H 2 (u))dV 

= (-ju) f (^M(gO u) - e\(u))Ei(u)dV 

v 


(340) 
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V 


+{~M / (ff 2 ‘(w)(^i(w) - A{u))Hi{w)dV 


= 0 


Where we have considered that 


Eie* 2 E% = EZ(e* 2 ) T E 1 = E^E, (341) 

E it 4E; = E^elfE, = E*e\E, (342) 

The last step Eg. (1336(1 has been considered. Hence we have Eq. (l335p . 

e\ = ei (343) 

A = /^i (344) 


Appendix 3 

Prove if £iis retarded potential and £ 2 is advanced potential and the integral satisfies 
that, 


(6,6) = 0 (345) 

We can assume £ 2 = h<6o, here h is magnetic mirror transform. £ 2o is the corresponding 
field of £ 2 . 6o is retarded potential, 

(6, 6) = f {E x [t) x tf 2 (t) + E 2 (t) x ifx(t)) ndS 

= J(Exit) x (-1 )H 2o (-t) + £ 2o (-i) x Hx(t)) MS 
s 

= (- f x H 2o {t -t)- E 2o (t -t)x Hx(t)) hdS ] T=0 (346) 

In order to the above formula, the Fourier transform is applied, 

f{r) = j (Exit) x H 2o {t -1) - E 2o (t -t)x Hx(t)) MS (347) 

s 


71 






F{f(r)} = f (E^w) x H 2 o (u) - E 2o (cu) x H^u)) MS (348) 

s 

Where W{»} is Fourier transform. In the big sphere. Assume r —> oo.Considering the 
Silver-Muller radiation condition or Sommcrfcld’s radiation condition, 

lim r(H x n — E) = 0 

r—» oo 

In r —>■ oo, h can be calculated, 

„ Ei(uj) x Hi(uj) 
n = H^Mx^MH 

and 

E 2o {u ) x H 2 o (cj) 

71 — - 

||£ 2o (u;) xtf 2o (u;)|| 

or at r —> oo there is 

£i(u;) = ^i(w) x n 
E 2 o (uj) = E 2 o {u) x n 

F{f{r)} = j(Ei(u) x (77 2 oM x n) - £ 2o (w) x (£d(u;) x h)) hdS 
s 

= J(Ei(u}) ■ E 2 o {u))n - (E 2 o (u) ■ Ei(oj))n) ■ ndS 
s 

= 0 (354) 

In the above we have considered 

a x (b x c) = (a • b)c — (a • c)b (355) 

That means that 

F{/(r)} = 0 (356) 

Hence 

f(r) = 0 (357) 


(349) 

(350) 

(351) 

(352) 

(353) 
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i.e. 


Hence 


or 


or 


/(t) = j (Ei(t) x H-2o(t - t) - E 2o (t - t) x Hi(t)) MS = 0 
s 


(358) 


(E 1 (t) x H 2o (t - t) - E 2o (t - t) x Hi{t)) hdS) T=0 = 0 (359) 


(J (Ei(t) x H 2o {-t) - E 2o (-t) x H^t)) hdS = 0 
s 


(360) 


( 6-9 6 ) 

= f (Ei(t) x H 2o (-t) - E 2o (—t) x H^t)) hdS = 0 
s 


(361) 
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